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Ââåäåíèå

Èçâåñòíî [3, 4, 7—11], ÷òî ÐÄÒÒ ìîãóò ïðèìå-
íÿòüñÿ â êà÷åñòâå ñòàðòîâûõ, ìàðøåâûõ, ðàçãîí-
íûõ, òîðìîçíûõ, óïðàâëÿþùèõ, ãàçîãåíåðàòîðîâ
è ò.ä. äëÿ äîâîëüíî áîëüøîãî êëàññà ðàêåò-íîñè-
òåëåé (ÐÍ) è êîñìè÷åñêèõ àïïàðàòîâ (ÊÀ).

Èç âñåõ òèïîâ ðàêåòíûõ äâèãàòåëåé, ïðèìåíÿ-
åìûõ â êà÷åñòâå äâèãàòåëüíûõ óñòàíîâîê (ÄÓ) ëå-
òàòåëüíûõ àïïàðàòîâ (ËÀ) ðàçëè÷íîãî íàçíà÷åíèÿ,
ÐÄÒÒ ÿâëÿþòñÿ, íàðÿäó ñ æèäêîñòíûìè ðàêåòíû-
ìè äâèãàòåëÿìè, íàèáîëåå ðàñïðîñòðàíåííûìè
[1—5]. Ýòî ïîäòâåðæäàåòñÿ øèðîêèì ïðèìåíåíè-
åì ÐÄÒÒ â êà÷åñòâå ìàðøåâûõ ÄÓ â îáúåêòàõ ÐÊÒ
îò îïåðàòèâíî-òàêòè÷åñêèõ ðàêåò äî ðàêåò-íîñè-
òåëåé (ÐÍ) ðàçëè÷íûõ êëàññîâ, èñïîëüçîâàíèåì
ÐÄÒÒ äëÿ òîðìîæåíèÿ îòðàáîòàâøèõ ñòóïåíåé
ÐÍ, à òàêæå äëÿ äîïîëíèòåëüíîãî ðàçãîíà ÊÀ ïðè
ïåðåâîäå åãî ñ ïåðåõîäíûõ îðáèò íà òðåáóåìûå êî-
íå÷íûå îðáèòû. Êðîìå òîãî, ÄÓ íà îñíîâå ÐÄÒÒ
íàøëè øèðîêîå ïðèìåíåíèå â êà÷åñòâå óñêîðè-
òåëåé ñ öåëüþ ïîâûøåíèÿ ýíåðãåòè÷åñêèõ âîç-
ìîæíîñòåé ÐÍ è ðàñøèðåíèÿ êðóãà ðåøàåìûõ èìè
öåëåâûõ çàäà÷. Âûøåñêàçàííîå îïðåäåëÿåò àêòó-
àëüíîñòü èññëåäîâàíèé, ñâÿçàííûõ ñ ðàçðàáîòêîé
ñîâðåìåííîãî ìåòîäè÷åñêîãî îáåñïå÷åíèÿ, âêëþ-
÷àþùåãî ïîñòàíîâêó çàäà÷, ñîçäàíèå ìàòåìàòè÷åñ-

ÓÄÊ 621.45 DOI: 10.34759/vst-2021-1-107-114

ÐÀÇÐÀÁÎÒÊÀ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÌÎÄÅËÈ
ÒÓÐÁÓËÅÍÒÍÎÃÎ ÒÐÅÕÌÅÐÍÎÃÎ ÒÅ×ÅÍÈß ÏÐÎÄÓÊÒÎÂ ÑÃÎÐÀÍÈß

Â ÐÀÊÅÒÍÛÕ ÄÂÈÃÀÒÅËßÕ ÒÂÅÐÄÎÃÎ ÒÎÏËÈÂÀ

Ñîöêîâ È.À.

Ìàøèíîñòðîèòåëüíîå êîíñòðóêòîðñêîå áþðî «Èñêðà» èì. È.È. Êàðòóêîâà (ÌÊÁ «Èñêðà»),
Ïåòðîâñêî-Ðàçóìîâñêèé ïðîåçä, 28, Ìîñêâà, 127287, Ðîññèÿ

e-mail: Ivansotskov@mail.ru

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 06.10.2020

Ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü òóðáóëåíòíîãî òðåõìåðíîãî òå÷åíèÿ ïðîäóêòîâ ñãîðàíèÿ â ðàêåòíîì äâè-
ãàòåëå òâåðäîãî òîïëèâà (ÐÄÒÒ). Ïîëó÷åííàÿ ìîäåëü îòëè÷àåòñÿ îò ñóùåñòâóþùèõ âêëþ÷åíèåì âûðàæåíèÿ äëÿ
îïðåäåëåíèÿ êîýôôèöèåíòîâ è ïàðàìåòðîâ, õàðàêòåðèçóþùèõ ñðåäíåâçâåøåííîå ñîñòîÿíèå äëÿ óñëîâèé òå÷åíèÿ
ïðîäóêòîâ â ÐÄÒÒ è òåíçîðû îïðåäåëåííî-íàïðàâëåííûõ ñêîðîñòåé äåôîðìàöèé. Ýòî ïîçâîëÿåò âûïîëíèòü áî-
ëåå òî÷íîå ÷èñëåííîå ìîäåëèðîâàíèå.

Êëþ÷åâûå ñëîâà: òðåõìåðíîå òå÷åíèå òîïëèâà, ðàêåòíûå äâèãàòåëè òâ¸ðäîãî òîïëèâà, ìàòåìàòè÷åñêàÿ ìîäåëü
ðàêåòíîãî äâèãàòåëÿ.

êèõ ìîäåëåé, àëãîðèòìîâ è ïðîãðàìì äëÿ ðåøå-
íèÿ çàäà÷ íà÷àëüíîãî ýòàïà ïðîåêòèðîâàíèÿ
îáúåêòîâ ÐÊÒ è, â ÷àñòíîñòè, ñîçäàíèå ìåòîäèêè
ðàñ÷åòà òðåõìåðíîãî òå÷åíèÿ ïðîäóêòîâ ñãîðàíèÿ
â ÐÄÒÒ ïåðñïåêòèâíûõ ËÀ.

Çíà÷èòåëüíûé âêëàä ïðè ðàñ÷åòå òðåõìåðíî-
ãî òå÷åíèÿ ïðîäóêòîâ ñãîðàíèÿ â ÐÄÒÒ âíåñëè
òàêèå ó÷åíûå, êàê Ä.È. Àáóãîâ, Â.Å. Àëåìàñîâ,
Á.Ò. Åðîõèí, Ì. Ñàììåðôåëüä, Â.Â. Êàëèíèí,
À.Ì. Ëèïàíîâ, Ð.Å. Ñîðêèí, Ë.Å. Ñòåðíèí,
È.Õ. Ôàõðóòäèíîâ, Ð.È. Íèãìàòóëèí, À.À. Ïðèõîäü-
êî, Ò.Äæ. Áîãàð, Wengan Xu, J.A. Steinz, Ide Kym è
ìíîãèå äðóãèå.

Â [3, 4, 7—11, 19] ðàññìîòðåíû âîïðîñû ïðî-
åêòèðîâàíèÿ ÐÄÒÒ è ïðèâåäåíû ìåòîäèêè ðàñ÷åòà
âíóòðèêàìåðíûõ ïàðàìåòðîâ. Äëÿ ðàñ÷åòà ÐÄÒÒ äî
íàñòîÿùåãî âðåìåíè ïðèìåíÿëèñü óðàâíåíèÿ êâà-
çèñòàöèîíàðíûõ òåðìîäèíàìè÷åñêèõ ïðîöåññîâ è
îäíîìåðíîé ãàçîäèíàìèêè ñ èñïîëüçîâàíèåì îñ-
ðåäíåííûõ ïî ïîïåðå÷íûì ñå÷åíèÿì ïàðàìåòðîâ,
ïðèáëèæåííûå èíòåãðàëüíûå ìåòîäèêè ñ ó÷åòîì
ïåðåìåííîñòè ïîäâîäà ìàññû è ïåðåïàäà äàâëåíèÿ
ïî äëèíå êàìåðû ñãîðàíèÿ, ïðèáëèæåííûå èíæå-
íåðíûå ìåòîäèêè îïðåäåëåíèÿ òÿãè ïî äàâëåíèþ
â êàìåðå ñãîðàíèÿ è ïàðàìåòðàì ïîòîêà íà âõîäå
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â ñîïëî. Øèðîêî èñïîëüçóþòñÿ èíæåíåðíûå ìå-
òîäèêè ðàñ÷åòà ãàçîäèíàìèêè è òåïëîîáìåíà â
ïðîòî÷íîé ÷àñòè ÐÄÒÒ, îñíîâàííûå íà ýêñïåðè-
ìåíòàëüíûõ ðåçóëüòàòàõ. Â [3, 12, 20, 21] ðàññìàò-
ðèâàþòñÿ âîïðîñû ðàçðàáîòêè è ïðîåêòèðîâàíèÿ
ÐÄÒÒ ñ îáçîðîì è âûâîäîì ìàòåìàòè÷åñêèõ ìî-
äåëåé äëÿ îïðåäåëåíèÿ îñíîâíûõ õàðàêòåðèñòèê,
íåîáõîäèìûõ äëÿ ðàçëè÷íûõ ýòàïîâ ïðîåêòèðîâà-
íèÿ. Â [18] ñôîðìóëèðîâàíà çàäà÷à â âàðèàöèîí-
íîé ïîñòàíîâêå ñ ïðåäëîæåíèåì àëãîðèòìà ïî
îïòèìàëüíîìó ïðîåêòèðîâàíèþ ëåòàòåëüíîãî àï-
ïàðàòà (ËÀ). Âî ìíîãèõ ðàáîòàõ, â òîì ÷èñëå è â
[13], ïðîàíàëèçèðîâàíû ïðîáëåìû ïðîåêòèðîâà-
íèÿ ðàêåò ñ ðàçëè÷íûìè äâèãàòåëüíûìè óñòàíîâ-
êàìè, êîòîðûå ðàáîòàþò íà æèäêîì è òâåðäîì ðà-
êåòíîì òîïëèâàõ, äàíû ðåêîìåíäàöèè ïî óñîâåð-
øåíñòâîâàíèþ ïðîöåññà ïðîåêòèðîâàíèÿ. Â [2]
ðàññìîòðåíû îòäåëüíûå âîïðîñû ïðîåêòèðîâàíèÿ
ðàçëè÷íûõ ñèñòåì óïðàâëåíèÿ. Ïðè ýòîì îáúåê-
òàìè ïðîåêòèðîâàíèÿ áûëè ñàìîë¸òû, êîñìè÷åñ-
êèå àïïàðàòû, ðàêåòíûå îáúåêòû è ËÀ.

Â [14] âûïîëíåíà ñîâìåñòíàÿ îïòèìèçàöèÿ
îñíîâíûõ ïàðàìåòðîâ äâóõñòóïåí÷àòîé ÐÍ ïðè
ïðîåêòèðîâàíèè ñ ïðîãðàììàìè óïðàâëåíèÿ åå
äâèæåíèåì. ÐÍ èìåëà ñòàðòîâóþ ìàññó 100 ò è
ìàðøåâûå äâèãàòåëüíûå óñòàíîâêè ñ æèäêèìè
êîìïîíåíòàìè ðàêåòíîãî òîïëèâà. Äàííàÿ ÐÍ
ïðîåêòèðîâàëàñü ñ öåëüþ ðåøåíèÿ îïðåäåëåííûõ
çàäà÷, ñâÿçàííûõ ñ âûâåäåíèåì ÊÀ ñ ìàêñèìàëü-
íîé ìàññîé íà ðàçëè÷íûå êðóãîâûå îðáèòû. Öå-
ëåâûì ôóíêöèîíàëîì áûëà âûáðàíà ìàññà ïîëåç-
íîãî ãðóçà ñ îïòèìèçèðóåìûìè ïàðàìåòðàìè â
âèäå êîýôôèöèåíòîâ, ó÷èòûâàþùèõ íà÷àëüíóþ
òÿãîâîîðóæåííîñòü ñòóïåíåé ÐÍ, è îòíîñèòåëüíîé
êîíå÷íîé ìàññîé ïåðâîé ñòóïåíè ÐÍ. Ïðîåêòíûå
ïàðàìåòðû âûáèðàëèñü ñ èñïîëüçîâàíèåì äâóõ
ïîäõîäîâ. Ïåðâûé çàêëþ÷àëñÿ â îïòèìèçàöèè ñ
ïîìîùüþ ìàòåìàòè÷åñêîé ìîäåëè, êîòîðàÿ ïîñò-
ðîåíà íà îñíîâå ôèçè÷åñêèõ ñîîòíîøåíèé è ñ
ïðèìåíåíèåì ìåòîäà Ìîíòå-Êàðëî, à òàêæå â
ïîñëåäóþùåé îáðàáîòêå òî÷åê, êîòîðûå óêàçûâà-
þò íà ýêñòðåìóì, ñ èñïîëüçîâàíèåì ìåòîäà Ãàóñ-
ñà—Çåéäåëÿ. Âòîðîé áàçèðîâàëñÿ íà ïðèìåíåíèè
ìàòåìàòè÷åñêîé ìîäåëè, êîòîðàÿ ïîñòðîåíà íà îñ-
íîâå ôèçè÷åñêèõ ñîîòíîøåíèé. Ñ ïîìîùüþ èìè-
òàöèîííîãî ìîäåëèðîâàíèÿ áûëè âûâåäåíû è ïî-
ëó÷åíû ðåãðåññèîííûå ìîäåëè äëÿ ìàññû ïîëåç-
íîãî ãðóçà â çàâèñèìîñòè îò îñíîâíûõ ïàðàìåò-
ðîâ ÐÍ ïðè ïðîåêòèðîâàíèè. Äàííûå ìîäåëè ïî-
çâîëÿþò ñóùåñòâåííî ñîêðàòèòü ðàñ÷¸òíîå âðåìÿ,
êîòîðîå òðàòèòñÿ íà îïòèìèçàöèþ ïàðàìåòðîâ,
íåîáõîäèìûõ ïðè ïðîåêòèðîâàíèè. Ïðîàíàëèçè-
ðîâàâ ýòè äâà ïîäõîäà, ìîæíî óòâåðæäàòü, ÷òî îíè

äàþò ïðàêòè÷åñêè îäèíàêîâûå çíà÷åíèÿ öåëåâî-
ãî ôóíêöèîíàëà, ò.å. èñïîëüçîâàíèå ïðåäëîæåí-
íûõ äâóõ ïîäõîäîâ äîïóñòèìî ïðè ïðîåêòèðîâà-
íèè ÐÍ íà íà÷àëüíîì ýòàïå.

Â [15] áûëà ñôîðìóëèðîâàíà çàäà÷à îïòèìè-
çàöèè ïàðàìåòðîâ ÐÄÒÒ ïðè ïðîåêòèðîâàíèè.
Ïðè ýòîì ïðåäëîæåíû àëãîðèòì è ìàòåìàòè÷åñ-
êàÿ ìîäåëü ÐÄÒÒ, êîòîðûå íà íà÷àëüíîì ýòàïå
ïðîåêòèðîâàíèÿ ïîçâîëÿþò îïðåäåëèòü êîíôèãó-
ðàöèþ è ãàáàðèòíûå ðàçìåðû çàðÿäà äëÿ ñëó÷àÿ
ùåëåâûõ ïðîòî÷åê â ðàéîíå ïåðåäíåãî äíèùà ñà-
ìîé êàìåðû ñãîðàíèÿ. Îïòèìèçèðóåìûå ïàðàìåò-
ðû ÐÄÒÒ âêëþ÷àþò ãåîìåòðè÷åñêèå ïàðàìåòðû,
êîòîðûå õàðàêòåðèçèðóþò íà÷àëüíóþ êîíôèãóðà-
öèþ çàðÿäà, ÷òî ïîçâîëÿåò âî âðåìÿ ðåøåíèÿ çà-
äà÷è îïòèìèçàöèè âûáðàòü òàêóþ åãî êîíôèãóðà-
öèþ, êîòîðàÿ ïðè ðàáîòå ÐÄÒÒ áóäåò îáåñïå÷è-
âàòü íåîáõîäèìûå èçìåíåíèÿ âî âðåìåíè çíà÷å-
íèé åãî òÿãîâûõ õàðàêòåðèñòèê.

Â [16] ðàññìîòðåíà çàäà÷à, ñâÿçàííàÿ ñ ñîâìå-
ñòíîé îïòèìèçàöèåé ïàðàìåòðîâ ÊÀ ïðè ïðîåê-
òèðîâàíèè ñ óñòàíîâëåííûì íà í¸ì àïîãåéíûì
ÐÄÒÒ. Äàííûé ÐÄÒÒ ïðåäíàçíà÷åí äëÿ îñóùåñòâ-
ëåíèÿ îðáèòàëüíûõ ìàíåâðîâ, íåîáõîäèìûõ äëÿ
ïåðåâîäà ÊÀ ñ ïåðåõîäíûõ ýëëèïòè÷åñêèõ îðáèò
íà çàäàííûå êðóãîâûå îðáèòû. Ñ ó÷åòîì òðåáîâà-
íèÿ ñèñòåìíîãî ïîäõîäà ïðè ïðîåêòèðîâàíèè
ñëîæíûõ ñèñòåì, âûïîëíåí ðÿä èññëåäîâàíèé, íà-
ïðàâëåííûõ íà îïðåäåëåíèå îïòèìàëüíûõ çíà÷å-
íèé ïàðàìåòðîâ ÊÀ ñ àïîãåéíûì ÐÄÒÒ. Ïðè ýòîì
ìîæíî îáåñïå÷èòü âûâîä ÊÀ ñ ìàêñèìàëüíûì
çíà÷åíèåì ìàññû ïîëåçíîãî ãðóçà íà íåîáõîäèìóþ
êîíå÷íóþ êðóãîâóþ îðáèòó. Îïòèìèçèðóåìûìè
ïàðàìåòðàìè ÊÀ ñ àïîãåéíûì ÐÄÒÒ áûëè ïðèíÿ-
òû çíà÷åíèÿ êîýôôèöèåíòà òÿãîâîîðóæåííîñòè
ÊÀ íà íà÷àëüíîì ýòàïå, äàâëåíèÿ â êàìåðå ñãî-
ðàíèÿ è ñòåïåíè ðàñøèðåíèÿ ÐÄÒÒ.

Â [17] ðàññìîòðåíà çàäà÷à ïî ñîâìåñòíîé îï-
òèìèçàöèè ïðîåêòíûõ ïàðàìåòðîâ, ïðîãðàìì óï-
ðàâëåíèÿ. Îïòèìèçèðóåìûå ïàðàìåòðû äîïîëíè-
òåëüíî âêëþ÷àëè ãåîìåòðè÷åñêèå ïàðàìåòðû, êî-
òîðûå õàðàêòåðèçîâàëè íà÷àëüíóþ êîíôèãóðàöèþ
çàðÿäîâ äëÿ ñëó÷àÿ ìàðøåâûõ ÐÄÒÒ. Â ðåçóëüòà-
òå áûëè ñôîðìèðîâàíû ïðîãðàììû èçìåíåíèÿ
çíà÷åíèé òÿãîâî-ðàñõîäíûõ õàðàêòåðèñòèê âî
âðåìåíè äëÿ ìàðøåâûõ ÐÄÒÒ è îñóùåñòâëåíà
ñîâìåñòíàÿ îïòèìèçàöèÿ ïàðàìåòðîâ ÒÐÍÑÊ ïðè
ïðîåêòèðîâàíèè è ãåîìåòðè÷åñêèõ ïàðàìåòðîâ
èìåííî çàðÿäîâ òàêèõ ÐÄÒÒ íà íà÷àëüíîì ýòàïå
ïðîåêòèðîâàíèÿ.

Ïðîâåäåííûé îáçîð ðàáîò âåäóùèõ íàó÷íûõ
îðãàíèçàöèé è ïðåäïðèÿòèé ñòðàíû, ïîñâÿùåííûõ
äàííîìó íàïðàâëåíèþ èññëåäîâàíèÿ çà ïîñëåäíèå
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ãîäû, ïîêàçàë, ÷òî âîïðîñ ðàñ÷åòà òðåõìåðíîãî
òå÷åíèÿ ïðîäóêòîâ ñãîðàíèÿ â ÐÄÒÒ îñòàåòñÿ ñëà-
áî èçó÷åííûì.

Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè
òóðáóëåíòíîãî òðåõìåðíîãî òå÷åíèÿ
ïðîäóêòîâ ñãîðàíèÿ â ÐÄÒÒ

Íåñòàöèîíàðíûå òóðáóëåíòíûå îòðûâíûå íå-
ñæèìàåìûå òðåõìåðíûå òå÷åíèÿ ïðîäóêòîâ â
ÐÄÒÒ ìîãóò áûòü îïèñàíû ñ ïîìîùüþ îñðåäíåí-
íûõ ïî Ðåéíîëüäñó óðàâíåíèé Íàâüå—Ñòîêñà â
äåêàðòîâûõ êîîðäèíàòàõ [1, 2]:

2 2 2

2 2 2

1
;

x x x x
x y z

x x x
mx

V V V V
V V V

t x y z

V V Vp
F v

x x y zρ

∂ ∂ ∂ ∂
+ + + =

∂ ∂ ∂ ∂

Ê ˆ∂ ∂ ∂∂= - + + +Á ˜∂ ∂ ∂ ∂Ë ¯

2 2 2

2 2 2

1
;

y y y y
x y z

y y y
my

V V V V
V V V

t x y z

V V Vp
F v

y x y zρ

∂ ∂ ∂ ∂
+ + + =

∂ ∂ ∂ ∂

Ê ˆ∂ ∂ ∂∂- + + +Á ˜
Á ˜∂ ∂ ∂ ∂Ë ¯

        (1)

2 2 2

2 2 2

1
.

z z z z
x y z

z z z
mz

V V V V
V V V

t x y z

V V Vp
F v

z x y zρ

∂ ∂ ∂ ∂
+ + + =

∂ ∂ ∂ ∂

Ê ˆ∂ ∂ ∂∂= - + + +Á ˜Á ˜∂ ∂ ∂ ∂Ë ¯

Çäåñü , ,mx my mzF F F  – ìàññîâûå ñèëû, äåéñòâóþ-

ùèå â êîîðäèíàòíûõ îñÿõ ox, oy, oz ñîîòâåòñòâåí-

íî; , ,y zx
V VV

t t t

∂ ∂∂
∂ ∂ ∂

 – ëîêàëüíîå èçìåíåíèå âåëè-

÷èíû , ,x y zV V V  ñîîòâåòñòâåííî;

,x x x
x y z

V V V
V V V

x y z

∂ ∂ ∂Ê ˆ
+ +Á ˜∂ ∂ ∂Ë ¯

,y y y
x y z

V V V
V V V

x y z

∂ ∂ ∂Ê ˆ
+ +Á ˜∂ ∂ ∂Ë ¯

z z z
x y z

V V V
V V V

x y z

∂ ∂ ∂Ê ˆ
+ +Á ˜∂ ∂ ∂Ë ¯

 – êîíâåêòèâíîå èçìåíåíèå âåëè÷èíû , ,x y zV V V

ñîîòâåòñòâåííî; t – âðåìÿ òðåõìåðíîãî òå÷åíèÿ;
p – äàâëåíèå òðåõìåðíîãî òå÷åíèÿ ïðîäóêòîâ â
ÐÄÒÒ; ρ  – ïëîòíîñòü ïðîäóêòîâ â ÐÄÒÒ; ν  –

ìîëåêóëÿðíûé êîýôôèöèåíò êèíåìàòè÷åñêîé âÿç-
êîñòè òðåõìåðíîãî òå÷åíèÿ ïðîäóêòîâ â ÐÄÒÒ,

ïðèìåì ýôν ν= ; ýôν   – ýôôåêòèâíûé êîýôôèöè-

åíò êèíåìàòè÷åñêîé âÿçêîñòè òðåõìåðíîãî òå÷å-

íèÿ ïðîäóêòîâ â ÐÄÒÒ, ýô   ,  m tν ν ν= + ãäå  , m tν ν  –

ìîëåêóëÿðíûé è òóðáóëåíòíûé êîýôôèöèåíòû
êèíåìàòè÷åñêîé âÿçêîñòè òðåõìåðíîãî òå÷åíèÿ
ïðîäóêòîâ â ÐÄÒÒ.

Çàïèøåì â äèôôåðåíöèàëüíîé ôîðìå çàêîí
ñîõðàíåíèÿ ýíåðãèè:

( ) ( ) ( )

O ,  0,m

dE
F V div PV div V div q

dt

x t

ρ ρ σ= ◊ - + +

" Œ⁄ >
   (2)

ãäå F  – ðåçóëüòèðóþùàÿ ìàññîâûõ ñèë; q  –

óäåëüíîå êîëè÷åñòâî ýíåðãèè; V  – çíà÷åíèå âåê-
òîðíîé ñêîðîñòè; P – ñèëà òðåíèÿ íà åäèíèöó ïî-
âåðõíîñòè; σ  – ñèëà íàïðÿæåíèé, âîçíèêàþùèõ
íà åäèíèöå ïîâåðõíîñòè.

Ìîäåëèðîâàíèå äîëæíî áûòü âûïîëíåíî ñ
ñîõðàíåíèåì âåùåñòâà (ìàññû) ÐÄÒÒ.

Äëÿ ìîäåëèðîâàíèÿ òóðáóëåíòíîñòè òðåõìåð-
íîãî òå÷åíèÿ ïðîäóêòîâ â ÐÄÒÒ áóäåì èñïîëüçî-
âàòü ìàòåìàòè÷åñêóþ ìîäåëü â âèäå äèôôåðåíöè-
àëüíûõ óðàâíåíèé, êîòîðàÿ ïðåäëîæåíà â ðàáîòå
[1]. Ñ ïîìîùüþ òàêèõ ìàòåìàòè÷åñêèõ ìîäåëåé
ðåøàþòñÿ çàäà÷è äîçâóêîâîé àýðîäèíàìèêè è
îòêðûâàåòñÿ âîçìîæíîñòü âûïîëíèòü çàìûêàíèå,
èñïîëüçóÿ ðàçðàáîòàííûå äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ, â âûøåïðèâåäåííûõ óðàâíåíèÿõ (1) è (2).

Ðàçìåðíûé êèíåìàòè÷åñêèé êîýôôèöèåíò
òóðáóëåíòíîé âÿçêîñòè òå÷åíèÿ ïðîäóêòîâ â ÐÄÒÒ
ìîæåò áûòü îïðåäåëåí íà îñíîâå [1]:

1  · ,t t vfν ν=                           (3)

ãäå 1vf   – ôóíêöèÿ-äåìïôåð,

3

1 3 3
1

  ,v
v

f
c

χ
χ

=
+

îïðåäåëÿþùàÿ êèíåìàòè÷åñêóþ âÿçêîñòü χ  ïðî-

äóêòîâ â ÐÄÒÒ,
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;tν
χ

ν
=


1vc  – êîíñòàíòà ïî ñêîðîñòè òóðáóëåíòíîãî òå-

÷åíèÿ ïðîäóêòîâ â ÐÄÒÒ, 1vc = 7,1;

tν  – ðàáî÷àÿ ïåðåìåííàÿ òå÷åíèÿ ïðîäóêòîâ

â ÐÄÒÒ, êîòîðóþ ìîæíî îïðåäåëèòü ñ ïîìîùüþ
óðàâíåíèÿ [29—34]:

( )
2

2
1 2

1t t b t
b t t

k k k

d c
c S

dt x x x

ν ν ν
ν ν ν

σ σ
Ê ˆ∂ ∂∂= + + + -Á ˜∂ ∂ ∂Ë ¯

   

2
1 2
2

1
.b b t

w

c c
f

dk

ν
σ
+Ê ˆ Ê ˆ

- +Á ˜ Á ˜Ë ¯ Ë ¯


                (4)

Ïðàâàÿ ÷àñòü äèôôåðåíöèàëüíîãî óðàâíåíèÿ
âêëþ÷àåò ÷åòûðå ñëàãàåìûõ, ïåðâîå èç êîòîðûõ
ïðåäñòàâëÿåò ñîáîé èñòî÷íèê â ïðîöåññå ãåíåðà-
öèè òóðáóëåíòíîñòè òå÷åíèÿ ïðîäóêòîâ â ÐÄÒÒ.

Äàííîå ñëàãàåìîå âêëþ÷àåò êîíñòàíòó cb1 =
= 0,1355 è êîýôôèöèåíò, òîæäåñòâåííî ðàâíûé

3 22 2
 ,t

v vS f W f
k d

ν
∫ +

                      (5)

êîòîðûé âêëþ÷àåò ÷èñëåííîå çíà÷åíèå ôóíêöèè
fv3 è äëÿ ðàññìàòðèâàåìîãî òå÷åíèÿ ïðîäóêòîâ â
ÐÄÒÒ ìîæåò áûòü ïðèíÿò ðàâíûì fv3 = 1, à òàêæå
âåëè÷èíó çàâèõðåííîñòè òóðáóëåíòíîñòè òå÷åíèÿ
ïðîäóêòîâ â ÐÄÒÒ, îïðåäåëÿåìóþ ïî âûðàæåíèþ

2 ,ij jiW W W=

ãäå ,ij jiW W  – ñðåäíåâçâåøåííûå òåíçîðû çàâèõ-

ðåííîñòè,

1 1
  ;    .

2 2
j ji i

ij ji
j i i j

u uu u
W W

x x x x

Ê ˆ Ê ˆ∂ ∂∂ ∂
= - = -Á ˜ Á ˜∂ ∂ ∂ ∂Ë ¯ Ë ¯

Êîýôôèöèåíò k, ÿâëÿþùèéñÿ êîíñòàíòîé
Êàðìàíà, ïðåäíàçíà÷åí äëÿ óñòàíîâëåíèÿ ïðîïîð-
öèîíàëüíîñòè çíà÷åíèé ìåæäó ôóíêöèåé fv2 è ðàñ-
ñòîÿíèåì äî áëèæàéøåé òî÷êè èññëåäîâàíèÿ òóð-
áóëåíòíîñòè ïðè òå÷åíèè ïðîäóêòîâ â ÐÄÒÒ d.
×èñëåííî êîíñòàíòà Êàðìàíà k = 0,41.

Ñàìó ôóíêöèþ fv2 ìîæíî îïðåäåëèòü íà îñíîâå
âûðàæåíèÿ, âêëþ÷àþùåãî äåìïôåðíóþ ôóíêöèþ
òå÷åíèÿ ïðîäóêòîâ â ÐÄÒÒ fv1:

2
1

1 .
1  v

v

f
f

χ
χ

= -
+                      (6)

Äèññèïàöèÿ òóðáóëåíòíîñòè ïðè òå÷åíèè ïðî-
äóêòîâ â ÐÄÒÒ ïðåäñòàâëåíà âòîðûì è òðåòüèì
ñëàãàåìûìè ïðàâîé ÷àñòè äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (4). Ýòè ñëàãàåìûå âìåùàþò òóðáóëåí-
òíîå ÷èñëî Ïðàíäòëÿ σ = 2/3 è êîíñòàíòó cb2 =
= 0,622.

Äåñòðóêöèÿ òóðáóëåíòíîñòè ïðè òå÷åíèè ïðî-
äóêòîâ â ÐÄÒÒ, êîòîðàÿ ïðîèñõîäèò âîçëå òâåðäî-
îïðåäåëåííîé ñòåíêè ÐÄ, ïðåäñòàâëåíà ÷åòâåðòûì
÷ëåíîì ïðàâîé ÷àñòè óðàâíåíèÿ (4) è âìåùàåò
ôóíêöèþ fw,

1/66
3

6 6
3

1
 , w

w
w

c
f g

g c

Ê ˆ+
= Á ˜

+Ë ¯
                      (7)

ãäå cw3 – êîíñòàíòà, êîòîðàÿ äëÿ ðàññìàòðèâàåìîãî
ñëó÷àÿ òå÷åíèÿ ïðîäóêòîâ â ÐÄÒÒ ìîæåò áûòü
ïðèíÿòà ðàâíîé 2;

g – ñðåäíåâçâåøåííàÿ ïåðåìåííàÿ ïðîöåññà
äåñòðóêöèè òóðáóëåíòíîñòè ïðè òå÷åíèè ïðîäóê-
òîâ â ÐÄÒÒ,

( )6
2 ;wg r c r r= + -

êîíñòàíòà cw2 = 0,3;
r — ïàðàìåòð ïðîöåññà äåñòðóêöèè òóðáóëåí-

òíîñòè ïðè òå÷åíèè ïðîäóêòîâ â ÐÄÒÒ,

2 2
.tr

Sk d

ν
=




Ïðè ó÷åòå ïðîöåññà âðàùåíèÿ è õàðàêòåðà
êðèâèçíû ëèíèé òîêà íåîáõîäèìî ââåñòè ýâðèñ-
òè÷åñêóþ ôóíêöèþ fr1 óìíîæåíèåì ïåðâîãî ñëà-
ãàåìîãî ïðàâîé ÷àñòè äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ (4) íà ñàìó ôóíêöèþ:

( ) ( ) ( )( )
*

1
1 1 3 2 1*

2
1 1 tan  .

1
r r r r r

r
f c c c r c

r
-= + - -

+
   (8)

Çäåñü cr1 = 1, cr2 = 12, cr3 = 0,7;

* ,
S

r
W

= ãäå S — òåíçîð îïðåäåëåííî-íàïðàâ-

ëåííûõ ñêîðîñòåé äåôîðìàöèé:

1 1
2 ;   ;   ;

2 2
j ji i

ij ji ij ji
j i i j

u uu u
S S S S S

x x x x

Ê ˆ Ê ˆ∂ ∂∂ ∂
= = - = -Á ˜ Á ˜∂ ∂ ∂ ∂Ë ¯ Ë ¯
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r— ôóíêöèÿ, êîòîðóþ äëÿ óñëîâèé òå÷åíèÿ
ïðîäóêòîâ â ÐÄÒÒ ìîæíî ïðåäñòàâèòü çàâèñèìî-
ñòüþ

( )4

2
  ,ik jk ij

imn jn jmn in m

W S DS
S S

tD
r

D
ε ε Ω

Ê ˆ
= + +Á ˜

Ë ¯
     (9)

ãäå mΩ  – óãëîâàÿ ñêîðîñòü âðàùåíèÿ òâåðäîãî

òåëà â âèäå ÐÄÒÒ ïî îòíîøåíèþ ê îñè xm;

,imn jmnε ε  – êîìïîíåíòû, ïðåäñòàâëÿþùèå òåí-

çîð, ñîîòâåòñòâóþùèé òðåòüåìó ðàíãó Ëåâè—×è-
âèòà;

D – êîýôôèöèåíò, õàðàêòåðèçóþùèé ñðåäíå-
âçâåøåííîå ðàññòîÿíèå äëÿ óñëîâèé òå÷åíèÿ ïðî-
äóêòîâ â ÐÄÒÒ,

( )2 2  0,5 .D S W= +

Îïðåäåëèòü çíà÷åíèå ðàáî÷åé ïåðåìåííîé òå-

÷åíèÿ ïðîäóêòîâ â ÐÄÒÒ tν , êîòîðàÿ âêëþ÷àåò

òåíçîð ñêîðîñòåé äåôîðìàöèé, ìîæíî ñ ïîìîùüþ
äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ñëåäóþùåì âèäå:

2
2

1 2
 t t t b t

b t
k k k

d c
c

dt x x
S

x

ν ν ν ν
ν ν

σ σ
Ê ˆ∂ ∂Ê ˆ∂= + + + -Á ˜Á ˜∂ ∂Ë ¯ ∂Ë ¯


  



( )1
22 2

2

2
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 1 .b
b

t t
w

c
f c

d k d

ν ν

σ

Ê ˆ
- + +Á ˜

Ë ¯

 
             (10)

Äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ äîëæíû áûòü
îïðåäåëåíû íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ, îï-
ðåäåëÿÿ êîòîðûå ïðè òóðáóëåíòíîì òðåõìåðíîì
òå÷åíèè ïðîäóêòîâ ñãîðàíèÿ â ÐÄÒÒ áóäåì èñõî-
äèòü èç ñëåäóþùèõ ñîîáðàæåíèé. Íà÷àëüíûå óñ-
ëîâèÿ äëÿ âñåé îïðåäåëÿåìîé ðàñ÷åòíîé ïîâåðõ-
íîñòè òðåõìåðíîãî òå÷åíèÿ ïðîäóêòîâ ñãîðàíèÿ â
ÐÄÒÒ ìîãóò áûòü çàäàíû ïàðàìåòðàìè íåâîçìó-
ùåííîãî ïîòîêà ïðîäóêòîâ ñãîðàíèÿ. Äëÿ âíåø-
íåé ãðàíèöû òðåõìåðíîãî òå÷åíèÿ ïðîäóêòîâ ñãî-
ðàíèÿ â ÐÄÒÒ ìîãóò áûòü ïðèìåíåíû ãðàíè÷íûå
óñëîâèÿ äëÿ íåîòðàæàþùåé ïîâåðõíîñòè. Â ïðè-
âåäåííûõ âûøå ìîäåëÿõ ìîãóò áûòü çàäàíû íà-
÷àëüíûå è ãðàíè÷íûå óñëîâèÿ ñî çíà÷åíèÿìè

tν = 0 è tν = 0,1. Äëÿ çàäàíèÿ óñëîâèé âûõîäíîé

ãðàíèöû ÐÄ ìîæåò áûòü ïðèìåíåíî óñëîâèå Íåé-
ìàíà, èíòåðïðåòèðîâàííîå äëÿ òðåõìåðíîãî òå÷å-
íèÿ ïðîäóêòîâ ñãîðàíèÿ â ÐÄÒÒ.

Âûâîäû

Ïîëó÷åííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü òóðáóëåí-
òíîãî òðåõìåðíîãî òå÷åíèÿ ïðîäóêòîâ ñãîðàíèÿ â
ÐÄÒÒ îòëè÷àåòñÿ îò ñóùåñòâóþùèõ òåì, ÷òî âêëþ-
÷àåò âûðàæåíèÿ äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ
è ïàðàìåòðîâ, õàðàêòåðèçóþùèõ óñëîâèÿ òå÷åíèÿ
ïðîäóêòîâ â ÐÄÒÒ è òåíçîðû îïðåäåëåííî-íà-
ïðàâëåííûõ ñêîðîñòåé äåôîðìàöèé, è, ñëåäîâà-
òåëüíî, ïîçâîëÿåò âûïîëíèòü áîëåå òî÷íîå ÷èñ-
ëåííîå ìîäåëèðîâàíèå.

Ïîêàçàíî, ÷òî ðàêåòíûå äâèãàòåëè òâåðäîãî
òîïëèâà ìîãóò ïðèìåíÿòüñÿ â êà÷åñòâå ñòàðòîâûõ,
ìàðøåâûõ, ðàçãîííûõ, òîðìîçíûõ, óïðàâëÿþùèõ,
ãàçîãåíåðàòîðîâ è ò.ä. äëÿ äîâîëüíî áîëüøîãî
êëàññà ÐÍ è ÊÀ. Òàêæå ïðîâåäåí àíàëèòè÷åñêèé
îáçîð ñóùåñòâóþùèõ ðàçðàáîòîê, èññëåäîâàíèé è
ïîäõîäîâ â ïðîåêòèðîâàíèè è óñîâåðøåíñòâîâà-
íèè ÐÄÒÒ, êîòîðûé ïîêàçàë, ÷òî â ñîâðåìåííûõ
ÐÄÒÒ ïðèìåíÿþòñÿ òîïëèâà ñî çíà÷èòåëüíûì ñî-
äåðæàíèåì ìåòàëëè÷åñêèõ äîáàâîê, à â àýðîãèä-
ðîäèíàìèêå è òåïëîìàññîîáìåíå ïðè èññëåäîâà-
íèè ìíîãîôàçíûõ ñðåä èñïîëüçóþòñÿ ìîäåëü âçà-
èìîïðîíèêàþùèõ ñðåä, èíåðöèîííàÿ è ãîìîãåí-
íàÿ ìîäåëè. Â ìîäåëè âçàèìîïðîíèêàþùèõ ñðåä
íàáåãàþùèé ïîòîê ïðèíèìàåòñÿ äâóõñêîðîñòíûì
è äâóõòåìïåðàòóðíûì, à ðàñ÷åò ñîñòîÿíèÿ ñðåä âû-
ïîëíÿåòñÿ îäíîâðåìåííî. Â èíåðöèîííîé ìîäå-
ëè òðàåêòîðèè äèñïåðñíîé ôàçû ðàññ÷èòûâàþòñÿ
ïîñëå ïîëó÷åíèÿ õàðàêòåðèñòèê íåñóùåé ñðåäû. Â
ãîìîãåííîé ìîäåëè ïðèíèìàåòñÿ, ÷òî íåñóùàÿ è
äèñïåðñíàÿ ôàçû äâèæóòñÿ ñ îäèíàêîâûìè ñêîðî-
ñòÿìè, à ïðè ðåøåíèè ó÷èòûâàåòñÿ îáìåí ìàññîé,
èìïóëüñîì è ýíåðãèåé ìåæäó ôàçàìè. Çíà÷èòåëü-
íîå óâåëè÷åíèå ìîùíîñòè ñîâðåìåííûõ êîìïüþ-
òåðîâ ïîçâîëÿåò èñïîëüçîâàòü âñå áîëåå ñëîæíûå
ìàòåìàòè÷åñêèå ìîäåëè, ó÷èòûâàþùèå âçàèìíîå
âëèÿíèå ìèêðî- è ìàêðîìàñøòàáíûõ ïðîöåññîâ â
ïðîòî÷íîé ÷àñòè ÐÄÒÒ.
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Abstract

The article presents a description of the unsteady
turbulent separated incompressible 3D flows of
products in solid propellant rocket engines by the
Reynolds-averaged Navier-Stokes equations intended

for incompressible fluids. It is shown herewith that the
differential one-parameter model, proposed by
Spalart-Allmaras, as well as the SARC and SALSA
models can be employed to perform turbulence
simulation of the 3D flow of products in solid
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propellant rocket engine. These models can be applied
for the averaged Navier-Stokes equations closing and
simulating the unsteady turbulent separated
incompressible 3D product flows in solid propellant
rocket motors.

It is necessary to perform calculation of the
processes, occurring inside the solid propellant rocket
engine, with physical and technical characteristics
determining of this engine, associated with the thrust,
fuel consumption combustion chamber operation
parameters etc., based on the numerical modelling
methods application, in the course of the solid
propellant engines development and design.
Mathematical models were proposed herewith for
describing transients with igniter actuation; with
warming-up, further ignition and solid propellant
burning transients. They describe as well the non-
stationary transients from the simple to heterogenic
flow, originating due to the movement of air and solid
propellant products formed in the combustion
chamber of the rocket engine; and those associated
with the process of the solid propellant rocket engine
plug movement.

Of all types of rocket engines employed as
propulsion systems for various purpose aircraft, solid
propellant rocket engines, along with the liquid
propellant rocket engines, are the most widespread
ones. This fact is being confirmed by the widespread
application of solid fuel rocket engines as cruising
propulsion systems in the objects from operational
tactical missiles to launch vehicles of various classes;
the solid fuel rocket engines application for braking
wasted stages of launch vehicles; as well as for the
spacecraft extra acceleration while transitions from
transfer orbits to the required final orbits. Besides, the
propulsion systems based on solid propellant rocket
engines have found wide application as boosters with
the purpose of increasing the energy capabilities of
launch vehicles and expand the range of target tasks
they are solving. The foregoing determines the
relevance of the research. This research associates with
the modern methodological support development,
which includes the problems formulation; creation of
mathematical models, algorithms and programs for
solving the problems of the initial stage of the objects
designing and, in particular, creation of a method for
calculating the 3D flow of combustion products in
solid fuel rocket engines of promising aircraft devices.

Keywords: three-dimensional fuel flow, solid-fuel
rocket engines, mathematical model of rocket engine.
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