
45Âåñòíèê Ìîñêîâñêîãî àâèàöèîííîãî èíñòèòóòà. Ò.28. ¹1

Òåïëîâûå, ýëåêòðîðàêåòíûå äâèãàòåëè è ýíåðãîóñòàíîâêè Thermal engines, electric propulsion and power
ëåòàòåëüíûõ àïïàðàòîâ plants for flying vehicles

ÒÅÏËÎÂÛÅ, ÝËÅÊÒÐÎÐÀÊÅÒÍÛÅ ÄÂÈÃÀÒÅËÈ
È ÝÍÅÐÃÎÓÑÒÀÍÎÂÊÈ ËÅÒÀÒÅËÜÍÛÕ ÀÏÏÀÐÀÒÎÂ

ÓÄÊ 621.454.2 DOI: 10.34759/vst-2021-1-45-60

ÀÍÀËÈÒÈ×ÅÑÊÈÉ ÏÎÄÕÎÄ ÏÐÈ ÈÑÑËÅÄÎÂÀÍÈÈ ÓÐÀÂÍÅÍÈÉ
ÈÌÏÓËÜÑÎÂ ÏÎÃÐÀÍÈ×ÍÎÃÎ ÑËÎß ÏÐÈ ÒÅ×ÅÍÈÈ

Â ÌÅÆËÎÏÀÒÎ×ÍÎÌ ÊÀÍÀËÅ ÃÀÇÎÂÛÕ ÒÓÐÁÈÍ

Êèøêèí À.À.*, Çóåâ À.À.**, Äåëêîâ À.Â.***, Øåâ÷åíêî Þ.Í.****

Ñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò íàóêè è òåõíîëîãèé èìåíè àêàäåìèêà Ì.Ô. Ðåøåòíåâà,

ïðîñïåêò èì. ãàçåòû «Êðàñíîÿðñêèé ðàáî÷èé», 31, Êðàñíîÿðñê, 660037, Ðîññèÿ
* e-mail: spsp99@mail.ru

** e-mail: dla2011@inbox.ru
*** e-mail: delkov-mx01@mail.ru

**** e-mail: gift_23j@mail.ru

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 20.10.2020

Ðàññìîòðåí àíàëèòè÷åñêèé ïîäõîä ê èíòåãðèðîâàíèþ óðàâíåíèé èìïóëüñîâ äèíàìè÷åñêîãî ïðîñòðàíñòâåí-
íîãî ïîãðàíè÷íîãî ñëîÿ äëÿ ïîâåðõíîñòåé îáòåêàíèÿ êðèâîëèíåéíîé ôîðìû â åñòåñòâåííîé êðèâîëèíåéíîé
îðòîãîíàëüíîé ñèñòåìå êîîðäèíàò ñ íàëè÷èåì ïîïåðå÷íîãî ãðàäèåíòà äàâëåíèÿ. Ïîëó÷åíû óðàâíåíèÿ èìïóëü-
ñîâ ïàðàáîëè÷åñêîãî òèïà, ïðèãîäíûå äëÿ ðåøåíèÿ çàäà÷è òå÷åíèÿ â ðàäèàëüíîì ñåêòîðå ìåæëîïàòî÷íîãî êàíà-
ëà ãàçîâûõ òóðáèí. Ïðåäñòàâëåíû óðàâíåíèÿ â áîëåå îáùåì âèäå, â îòëè÷èå îò èçâåñòíûõ ÷àñòíûõ ðåøåíèé.
Îòìå÷åíî, ÷òî ïðè ðàññìîòðåíèè çàäà÷è òå÷åíèÿ ñ òåïëîîáìåíîì (÷òî íàèáîëåå àêòóàëüíî äëÿ ìåæëîïàòî÷íîãî
êàíàëà íåîõëàæäàåìûõ ãàçîâûõ òóðáèí) íåîáõîäèìî ñîâìåñòíîå ðåøåíèå ïîëó÷åííûõ óðàâíåíèé èìïóëüñîâ ñ
èíòåãðàëüíûì ñîîòíîøåíèåì óðàâíåíèÿ ýíåðãèè òåìïåðàòóðíîãî è äèíàìè÷åñêîãî ïðîñòðàíñòâåííîãî ïîãðàíè÷íîãî
ñëîÿ. Äëÿ ðàññìàòðèâàåìîãî ðàäèàëüíîãî ñåêòîðà ìåæëîïàòî÷íîãî êàíàëà óðàâíåíèÿ ðåøåíû êîíå÷íî-ðàçíîñòíûì
ìåòîäîì. Èñïîëüçóåìûé ïîäõîä ïîäòâåðæäàåòñÿ âåðèôèêàöèåé ðåçóëüòàòîâ ìîäåëèðîâàíèÿ è âèçóàëèçàöèè äîí-
íûõ ëèíèé òîêà â êðóãîâîì ðàäèàëüíîì ìîäåëüíîì êàíàëå.

Êëþ÷åâûå ñëîâà: äèíàìè÷åñêèé ïîãðàíè÷íûé ñëîé, óðàâíåíèÿ èìïóëüñîâ, ìåæëîïàòî÷íûé êàíàë, ïðîòî÷íàÿ
÷àñòü òóðáîíàñîñíîãî àãðåãàòà, ãàçîâàÿ òóðáèíà.
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Ââåäåíèå

Ê ïðîåêòèðîâàíèþ ïðîòî÷íûõ ÷àñòåé ãàçîâûõ
òóðáèí ïðåäúÿâëÿþòñÿ âûñîêèå òðåáîâàíèÿ ïî
ýíåðãåòè÷åñêèì è ýêñïëóàòàöèîííûì ïàðàìåòðàì.
Íàèáîëåå îòâåòñòâåííûì ýëåìåíòîì ÿâëÿåòñÿ
ìåæëîïàòî÷íûé êàíàë. Â òóðáèíàõ æèäêîñòíûõ
ðàêåòíûõ äâèãàòåëåé (ÆÐÄ) èñïîëüçóþòñÿ íåî-
õëàæäàåìûå ëîïàòêè. Â ñõåìàõ áåç äîæèãàíèÿ ãå-
íåðàòîðíîãî ãàçà ïðèìåíÿþòñÿ àêòèâíûå òóðáè-
íû, à â ñõåìàõ ñ äîæèãàíèåì — ðåàêòèâíûå òóð-
áèíû. Äàííûå òèïû òóðáèí õàðàêòåðèçóþòñÿ ðàç-
ëè÷íûìè ïðîôèëÿìè ìåæëîïàòî÷íîãî êàíàëà. Èç-
âåñòíî, ÷òî ÷åì âûøå òåìïåðàòóðà ðàáî÷åãî òåëà,
ïîñòóïàþùåãî íà òóðáèíó, òåì áîëüøå àäèàáàòíàÿ
ðàáîòà. Èç-çà êîíñòðóêòèâíûõ îñîáåííîñòåé è ïðè-
ìåíÿåìûõ ìàòåðèàëîâ òåìïåðàòóðà ðàáî÷åãî òåëà
ïåðåä íåîõëàæäàåìîé òóðáèíîé îãðàíè÷èâàåòñÿ, êàê

ïðàâèëî, äëÿ âîññòàíîâèòåëüíîãî ãàçà 1000—1200 °Ñ,

äëÿ îêèñëèòåëüíîãî ãàçà 700—900 °Ñ [1].
Íà òåïëîîòäà÷ó îò ðàáî÷åãî òåëà ê êîíñòðóê-

òèâíûì ýëåìåíòàì ñóùåñòâåííî âëèÿåò ðàñïðåäå-
ëåíèå ñêîðîñòåé ïî äëèíå ìåæëîïàòî÷íîãî êàíà-
ëà, à íà ðàñïðåäåëåíèå ýïþðû òåìïåðàòóðíîãî ïî-
ãðàíè÷íîãî ñëîÿ ïðåæäå âñåãî îêàçûâàåò âëèÿíèå
ðàñïðåäåëåíèå ýïþðû ñêîðîñòè è äàâëåíèÿ. Íå-
îáõîäèìî ó÷èòûâàòü îñîáåííîñòè òå÷åíèÿ â ìåæ-
ëîïàòî÷íîì êàíàëå (íà âõîäíîì ó÷àñòêå íåóñòà-
íîâèâøåãîñÿ òå÷åíèÿ òîëùèíà ïîãðàíè÷íîãî ñëîÿ
âîçðàñòàåò, äèíàìè÷åñêèå ïîãðàíè÷íûå ñëîè íå
ñîìêíóòû íà îñè êàíàëà), ãäå íà ÿäðî ïîòîêà îêà-
çûâàåò âëèÿíèå òîëùèíà âûòåñíåíèÿ ïîãðàíè÷íî-
ãî ñëîÿ. Â äàííîì ðàäèàëüíîì êàíàëå ðåàëèçóþòñÿ
êðèâîëèíåéíûå, íåçàìêíóòûå ëèíèè òîêà ñ ïîïå-
ðå÷íûì ãðàäèåíòîì äàâëåíèÿ, êîòîðûå ñóùåñòâåí-
íî âëèÿþò íà ñêîñ äîííûõ ëèíèé òîêà.

Îñîáåííîñòè òå÷åíèÿ ñ òåïëîîòäà÷åé â ðàäè-
àëüíîì ìåæëîïàòî÷íîì êàíàëå ãàçîâûõ òóðáèí â
îñíîâíîì ó÷èòûâàþòñÿ ñëåäóþùèìè ìåòîäàìè: ñ
èñïîëüçîâàíèåì ýìïèðè÷åñêèõ çàâèñèìîñòåé,
÷èñëåííûìè è àíàëèòè÷åñêèìè ìåòîäàìè [2].

Èñïîëüçîâàíèå ýìïèðè÷åñêèõ çàâèñèìîñòåé íå
âñåãäà îáåñïå÷èâàåò íåîáõîäèìóþ òî÷íîñòü ðàñ-
÷åòà â öåëÿõ àíàëèçà ýíåðãåòè÷åñêèõ è ýêñïëóà-
òàöèîííûõ ïàðàìåòðîâ, ÷òî òðåáóåò, êàê ïðàâèëî,
äîïîëíèòåëüíûõ ýêñïåðèìåíòàëüíûõ èññëåäîâà-
íèé è, ñîîòâåòñòâåííî, âíåñåíèÿ êîððåêòèðóþùèõ
êîýôôèöèåíòîâ â èñïîëüçóåìûå óðàâíåíèÿ. Ýòî
âëå÷åò çà ñîáîé äîïîëíèòåëüíûå âðåìåííûå è ìà-
òåðèàëüíûå çàòðàòû íà äîâîäêó íîâûõ îáðàçöîâ
ïðîåêòèðóåìûõ àãðåãàòîâ.

×èñëåííûå ìåòîäû äîñòàòî÷íî ñëîæíû â èñ-
ïîëüçîâàíèè ïðè ïðîâåäåíèè èíæåíåðíûõ ðàñ÷å-

òîâ è òðåáóþò ðåàëèçàöèè èõ â ñïåöèàëèçèðîâàí-
íîì ïðîãðàììíîì îáåñïå÷åíèè. ×èñëåííûå ìåòî-
äû èññëåäîâàíèÿ èñïîëüçóþò ðàçëè÷íûå ïîäõîäû:
ïðÿìîå ÷èñëåííîå ìîäåëèðîâàíèå (ìåòîä DNS),
óñðåäíåííûå óðàâíåíèÿ Íàâüå—Ñòîêñà è Ðåé-
íîëüäñà (ìåòîä RANS). Âûáîð ìåòîäà çàâèñèò îò
ñëîæíîñòè êîíñòðóêöèè è òðåáóåìîé òî÷íîñòè ðå-
çóëüòàòîâ ðàñ÷åòà. Äîñòàòî÷íî ÷àñòî ïðèìåíÿåò-
ñÿ ìåòîä RANS ñ èñïîëüçîâàíèå ìîäåëåé k- ω - è
k- ε -òóðáóëåíòíîñòè [3—8]. Âîïðîñû òåïëîîòäà÷è
ïðè îáòåêàíèè êðèâîëèíåéíîé ïîâåðõíîñòè ñ
ïðîäîëüíîé êðèâèçíîé ïîòîêîì ðàáî÷åãî òåëà
òàêæå ðàññìîòðåíû â [9—11], ãäå èññëåäîâàíû ñëó-
÷àè îáòåêàíèÿ ëîïàòîê ãàçîâûõ òóðáèí.

Àíàëèòè÷åñêèé ìåòîä ïîçâîëÿåò ïîëó÷èòü çà-
âèñèìîñòè, ïðèìåíèìûå äëÿ èíæåíåðíûõ ðàñ÷å-
òîâ â øèðîêîì äèàïàçîíå âîçìîæíûõ âàðèàöèé
êîíñòðóêòèâíûõ è ðåæèìíûõ ïàðàìåòðîâ. Àíàëè-
òè÷åñêèå ìåòîäû, êàê ïðàâèëî ðàçðàáàòûâàëèñü
äëÿ ïðÿìîëèíåéíîãî ðàâíîìåðíîãî òå÷åíèÿ è
èìåþò ðÿä îãðàíè÷åíèé. Îäíî èç ðàííèõ èññëå-
äîâàíèé — ýòî ðàáîòà Å.Ë. Êíóòà [12], â êîòîðîé
àíàëèç îñíîâàí íà ðàñøèðåííîé àíàëîãèè Ðåé-
íîëüäñà ñ ïåðåäà÷åé òåïëà, ìàññû è èìïóëüñà â
ðàçâèòîì òóðáóëåíòíîì ïîòîêå â òðóáå. Èñïîëü-
çîâàíèå ïðîôèëÿ ðàñïðåäåëåíèÿ ñêîðîñòè è òåìïå-
ðàòóðû â ïîãðàíè÷íîì ñëîå ïðåäëîæåíî Â.Ä. Ðàí-
íè [13] è ìîäèôèöèðîâàíî Ä.Ë. Òóðêîòòîì [14].
Àíàëèç ïîäñëîÿ, ïðîâåäåííûé Òóðêîòòîì, ó÷èòû-
âàë âëèÿíèå òåïëîîáìåíà íà òóðáóëåíòíîñòü. Àíà-
ëèòè÷åñêèå ìåòîäû îïðåäåëåíèÿ êîýôôèöèåíòîâ
òåïëîîòäà÷è, ïðåäëîæåííûå â [15, 16], ó÷èòûâà-
þò êîíâåêòèâíûé ïåðåíîñ òåïëà â êàìåðàõ ÆÐÄ
ïðè ïðÿìîëèíåéíîì òóðáóëåíòíîì òå÷åíèè. Îä-
íîìåðíàÿ ìîäåëü äëÿ äîêðèòè÷åñêèõ óñëîâèé òàê-
æå ïðåäëîæåíà Ñ.Ð. Øàéíîì [17].

Â [1, 18—20] ïîêàçàí àíàëèòè÷åñêèé ïîäõîä ê
îïðåäåëåíèþ ãèäðîäèíàìè÷åñêèõ è òåïëîâûõ ïà-
ðàìåòðîâ â ïîëîñòÿõ âðàùåíèÿ ãàçîâûõ òóðáèí ñ
çàìêíóòûìè êîëüöåâûìè ëèíèÿìè òîêà è ïîïå-
ðå÷íûì ãðàäèåíòîì äàâëåíèÿ, îäíàêî â ðàäèàëü-
íûõ ïîëîñòÿõ ìåæëîïàòî÷íîãî êàíàëà ëèíèÿ òîêà
íå çàìêíóòà è ðåøåíèå óðàâíåíèé äèíàìèêè è
ýíåðãèè çíà÷èòåëüíî óñëîæíÿåòñÿ.

Ïîñòàíîâêà çàäà÷è èññëåäîâàíèÿ

Äëÿ ðàññìàòðèâàåìîãî ðàäèàëüíîãî ñåêòîðà
ìåæëîïàòî÷íîãî êàíàëà íåîáõîäèìî ñîâìåñòíîå
ðåøåíèå óðàâíåíèé èìïóëüñîâ è ýíåðãèè ïðî-
ñòðàíñòâåííîãî ïîãðàíè÷íîãî ñëîÿ, ÷òî ïðåäñòàâ-
ëÿåò àêòóàëüíóþ íàó÷íóþ è èíæåíåðíóþ çàäà÷ó.

Íåîáõîäèìî îòäåëüíî ðàññìîòðåòü ðåøåíèÿ
óðàâíåíèé äâèæåíèÿ â âèäå óðàâíåíèé èìïóëüñîâ



47Âåñòíèê Ìîñêîâñêîãî àâèàöèîííîãî èíñòèòóòà. Ò.28. ¹1

Òåïëîâûå, ýëåêòðîðàêåòíûå äâèãàòåëè è ýíåðãîóñòàíîâêè Thermal engines, electric propulsion and power
ëåòàòåëüíûõ àïïàðàòîâ plants for flying vehicles

ïðîñòðàíñòâåííîãî (òð¸õìåðíîãî) ïîãðàíè÷íîãî
ñëîÿ â ïðîåêöèÿõ íà îñè åñòåñòâåííûõ êðèâîëè-
íåéíûõ êîîðäèíàò, îòëè÷àþùèåñÿ îò èçâåñòíûõ
÷àñòíûõ ðåøåíèé [22, 23] â îáùåì âèäå. Òàêàÿ çà-
ïèñü ïîçâîëÿåò ïîëó÷àòü ðåøåíèÿ ïî ïîâåðõíîñ-
òè ëþáîé ôîðìû êàê äëÿ ïîòåíöèàëüíûõ òå÷åíèé
ñ íà÷àëüíûìè óñëîâèÿìè (äëÿ ìåæëîïàòî÷íîãî êà-
íàëà ðàäèàëüíîé ôîðìû), òàê è äëÿ âèõðåâûõ (âðà-
ùàòåëüíûõ) òå÷åíèé.

Èññëåäîâàíèå óðàâíåíèé èìïóëüñîâ
äèíàìè÷åñêîãî ïðîñòðàíñòâåííîãî
ïîãðàíè÷íîãî ñëîÿ

Ïðè èññëåäîâàíèè óðàâíåíèé äèíàìèêè ïðî-
ñòðàíñòâåííûõ òå÷åíèé ïðè îáòåêàíèè êðèâîëè-
íåéíûõ ïîâåðõíîñòåé ñ íàëè÷èåì ãðàäèåíòà äàâ-
ëåíèÿ èñïîëüçóþòñÿ ðàçëè÷íûå ñèñòåìû êîîðäè-
íàò. Äàííûé ïîäõîä óïðîùàåò îïèñàíèå êàðòèíû
òå÷åíèÿ, îí íåîáõîäèì äëÿ ïîëó÷åíèÿ àíàëèòè÷åñ-
êîãî ðåøåíèÿ (îò êîððåêòíîãî âûáîðà ñèñòåìû
êîîðäèíàò çàâèñèò âîçìîæíîñòü ðàçäåëåíèÿ ïåðå-
ìåííûõ â äèôôåðåíöèàëüíûõ óðàâíåíèÿõ [22, 24]).

Èñïîëüçóåì äëÿ àíàëèçà îðòîãîíàëüíóþ åñòå-
ñòâåííóþ ñèñòåìó êîîðäèíàò , , yϕ ψ  (ðèñ. 1). Îñü

y íàïðàâëåíà ïî íîðìàëè ê ïîâåðõíîñòè îáòåêà-
íèÿ, îñü ϕ  ñîâïàäàåò ñ íîðìàëüíîé ê ñòåíêå ëè-

íèåé òîêà ÿäðà òå÷åíèÿ íà òîëùèíå äèíàìè÷åñ-

êîãî ïîãðàíè÷íîãî ñëîÿ δ , îñü ψ  ïåðïåíäèêóëÿð-

íà îñè ϕ  [22].

Ðàññìîòðèì èñõîäíóþ ñèñòåìó äèôôåðåíöè-
àëüíûõ óðàâíåíèé äâèæåíèÿ ïðîñòðàíñòâåííîãî
ïîãðàíè÷íîãî ñëîÿ äëÿ êðèâîëèíåéíûõ ïîâåðõíî-

ñòåé îáòåêàíèÿ êîíñòðóêòèâíûõ ýëåìåíòîâ â îá-
ùåì ñëó÷àå ñ íàëè÷èåì ïîïåðå÷íîãî è ïðîäîëü-
íîãî ãðàäèåíòîâ äàâëåíèÿ:

2 1 1
,

Hu u u w u uw
v

H y H H H

Hw p
H H H y

ϕ

ϕ ψ ϕ ψ

ψ ϕ

ϕ ψ ϕ

∂∂ ∂ ∂
∂ϕ ∂ ∂ψ ∂ψ

∂ ∂τ∂
∂ϕ ρ ∂ϕ ρ ∂

+ + + -

- = +

2 1 1
,

0,

( )1 1 ( )
0.

Hu w w w w uw
v

H y H H H

Hu p
H H H y

y

H u v H w
H H y H H

ψ

ϕ ψ ϕ ψ

ϕ ψ

ϕ ψ ψ

ψ

ϕ ψ ϕ ψ

∂∂ ∂ ∂
∂ϕ ∂ ∂ψ ∂ϕ

∂ ∂τ∂
∂ψ ρ ∂ψ ρ ∂

∂ρ
∂

∂ ∂ ∂ ϕ
∂ϕ ∂ ∂ψ

+ + + -

- = +

=

+ + =

   

 (1)

Çäåñü v, w, u — ïðîåêöèè ñêîðîñòåé íà ñîîòâåòñòâó-
þùèå îñè åñòåñòâåííîé ñèñòåìû îðòîãîíàëüíûõ
êîîðäèíàò , , yϕ ψ , íàçûâàåìûå âåðòèêàëüíîé, ïî-

ïåðå÷íîé è ïðîäîëüíîé ñêîðîñòÿìè; , , yH H Hϕ ψ —

êîýôôèöèåíòû Ëàìå, ñîîòâåòñòâóþùèå êîîðäèíà-
òàì; p — ñòàòè÷åñêîå äàâëåíèå â ÿäðå òå÷åíèÿ;
ρ  — ïëîòíîñòü ðàáî÷åãî òåëà; τ  — êàñàòåëüíîå

íàïðÿæåíèå òðåíèÿ.
Àíàëèòè÷åñêèé ïîäõîä ê èíòåãðèðîâàíèþ ñè-

ñòåìû óðàâíåíèé (1) âîçìîæåí òîëüêî äëÿ ëàìèíàð-
íîãî ïîãðàíè÷íîãî ñëîÿ (ñ èçâåñòíûì ðàñïðåäåëå-

íèåì ôóíêöèè ñêîðîñòè ( ; )U f ϕ ψ= ) è äëÿ íåêî-

òîðûõ ÷àñòíûõ ñëó÷àåâ ñ èñïîëüçîâàíèåì áîëüøå-
ãî êîëè÷åñòâà äîïóùåíèé.

Ïðè àíàëèçå è ðåøåíèè óðàâíåíèé èìïóëüñîâ
äëÿ äèíàìè÷åñêîãî ïðîñòðàíñòâåííîãî ïîãðàíè÷-
íîãî ñëîÿ, ñîîòâåòñòâóþùèõ ïåðâûì äâóì óðàâíå-
íèÿì ñèñòåìû (1), íåîáõîäèìî ïðîèíòåãðèðîâàòü
èõ ïî êîîðäèíàòå ó â ïðåäåëàõ îò ïîâåðõíîñòè
îáòåêàíèÿ ó = 0 äî òîëùèíû äèíàìè÷åñêîãî ïðî-

ñòðàíñòâåííîãî ïîãðàíè÷íîãî ñëîÿ .y δ=  Ïðîâå-

äåì çàìåíó äëÿ âåðòèêàëüíîé êîìïîíåíòû ñêîðî-
ñòè ïîòîêà v ñ ó÷åòîì óðàâíåíèÿ íåðàçðûâíîñòè:

0 0

( ) (1
.

y yH u H w
v y y

H H
ψ ϕ

ϕ ψ

∂ ∂
∂ ∂

∂ϕ ∂ψ

È ˘
Í ˙= - +
Í ˙Î ˚
Ú Ú      (2)

Ðèñ. 1. Ñõåìà îáòåêàíèÿ ïîâåðõíîñòè â îðòîãîíàëüíîé
åñòåñòâåííîé ñèñòåìå êîîðäèíàò
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Òåïëîâûå, ýëåêòðîðàêåòíûå äâèãàòåëè è ýíåðãîóñòàíîâêè Thermal engines, electric propulsion and power
ëåòàòåëüíûõ àïïàðàòîâ plants for flying vehicles

Òîãäà èç ïåðâîãî óðàâíåíèå ñèñòåìû (1) ñ ó÷¸-
òîì âûðàæåíèÿ äëÿ âåðòèêàëüíîé ñêîðîñòè ïîòîêà
(2) ïîëó÷èì:

0 0

( ) ( )1
y yH u H wu u u

dy dy
H H H y

ψ ϕ

ϕ ϕ ψ

∂ ∂∂ ∂
∂ϕ ∂ϕ ∂ψ ∂

È ˘
Í ˙- + +
Í ˙Î ˚
Ú Ú

2H Hw u uw w
H H H H H

ϕ ψ

ψ ϕ ψ ϕ ψ

∂ ∂∂
∂ψ ∂ψ ∂ϕ

+ + - =

1 1
.

p
H yϕ

∂ ∂τϕ
ρ ∂ϕ ρ ∂

= - +                    (3)

Êàæäûé ÷ëåí óðàâíåíèÿ (3) ðàññìîòðèì è
ïðîèíòåãðèðóåì îòäåëüíî. Ó÷òåì, ÷òî êîýôôèöè-
åíò Ëàìå ÿâëÿåòñÿ ïîñòîÿííîé âåëè÷èíîé ïðè
èíòåãðèðîâàíèè ïî êîîðäèíàòå ó, çàïèøåì âûðà-
æåíèå äëÿ èíòåãðàëà ïåðâîãî ÷ëåíà:

2

1
0 0 0

1 1
2 .

2 2
u u u u

A dy u dy dy
H y H H

δ δ δ

ϕ ϕ ϕ

∂ ∂ ∂
∂ ∂ϕ ∂ϕ

= = =Ú Ú Ú

Èçìåíèâ ïîñëåäîâàòåëüíîñòü çíàêîâ äèôôå-
ðåíöèðîâàíèÿ è èíòåãðàëà, îêîí÷àòåëüíî ïîëó-
÷èì:

2
1

0

1
.

2
A u dy

H

δ

ϕ

∂
∂ϕ

È ˘
= Í ˙

Í ˙Î ˚
Ú                  (4)

Èíòåãðàë âòîðîãî ÷ëåíà óðàâíåíèÿ (3) íåîáõî-
äèìî îïðåäåëèòü ïî ÷àñòÿì:

2
0 0 0

0 0

0

( ) ( )1

( ) ( )1

0

( ) ( )
.

y y

y y

H u H w u
A dy dy dy

H H y

H u H w
dy dy u

H H

H u H w
u dy

δ
ψ ϕ

ϕ ψ

ψ ϕ

ϕ ψ

δ
ψ ϕ

∂ ∂ ∂
∂ϕ ∂ψ ∂

δ∂ ∂

∂ϕ ∂ψ

∂ ∂

∂ϕ ∂ψ

È ˘
Í ˙= + =
Í ˙Î ˚

ÈÊ ˆ
Í= + -Á ˜
ÍË ¯Î

˘Ê ˆ
- + ˙Á ˜

˙Ë ¯ ˚

Ú Ú Ú

Ú Ú

Ú

Ó÷èòûâàÿ ãðàíèöû èíòåãðèðîâàíèÿ, íåîáõîäè-
ìî ðàñïèñàòü ïðîèçâîäíóþ îò ïðîèçâåäåíèÿ ôóí-
êöèé è ó÷åñòü, ÷òî ÷àñòíûå ïðîèçâîäíûå êîýôôè-
öèåíòîâ Ëàìå ïî ñîîòâåòñòâóþùèì êîîðäèíàòàì

/ , /H Hψ ϕ∂ ∂ϕ ∂ ∂ψ  ïîñòîÿííû ïðè èíòåãðèðîâà-

íèè ïî îñè ó è â ãðàíèöàõ :
0

u U
δ
=

2
0 0

1 H
A U udy H udy

H H

δ δ
ψ

ψ
φ ψ

∂ ∂
∂ϕ ∂ϕ

È Ï Ê ˆÔÍ= + +Ì Á ˜Í Ë ¯ÔÓÎ
Ú Ú

0 0

H
wdy H wdy

δ δ
ϕ

ϕ

∂ ∂
∂ψ ∂ψ

¸Ê ˆÔ+ + -˝Á ˜
Ë ¯ Ǫ̂

Ú Ú

0

.
H Hu w

u u H w H dy
δ

ψ ϕ
ψ ϕ

∂ ∂∂ ∂
∂ϕ ∂ϕ ∂ψ ∂ψ

˘Ê ˆ
- + + + ˙Á ˜

˙Ë ¯ ˚
Ú

Ðàñêðûâ ñêîáêè è ïðîèçâåäÿ ïðåîáðàçîâàíèÿ,
ïîëó÷èì:

2
0 0

0 0

2 2

0 0

0 0

1 1
2

1 1
.

HU U
A udy udy

H H H

HU U
wdy wdy

H H H

H
u dy u dy

H H H

H w
uwdy u

H H H

δ δ
ψ

ϕ ψ ϕ

δ δ
ϕ

ϕ ψ ψ

δ δ
ψ

ϕ ψ ϕ

δ δ
ϕ

ϕ ψ ψ

∂ ∂
∂ϕ ∂ϕ

∂ ∂
∂ψ ∂ψ

∂ ∂
∂ϕ ∂ϕ

∂ ∂
∂ψ ∂ψ

Ê ˆ
= + +Á ˜

Ë ¯

Ê ˆ
+ + -Á ˜

Ë ¯

Ê ˆ
- -Á ˜

Ë ¯

- -

Ú Ú

Ú Ú

Ú Ú

Ú Ú

      

(5)

Ïðè èíòåãðèðîâàíèè òðåòüåãî ÷ëåíà óðàâíåíèÿ
(3) íåîáõîäèìî ó÷åñòü, ÷òî ïîñòîÿííûì ìíîæè-
òåëåì ÿâëÿåòñÿ òîëüêî êîýôôèöèåíò Ëàìå, òîãäà

3
0 0

1
.

w u u
A dy w dy

H H

δ δ

ψ ψ

∂ ∂
∂ψ ∂ψ

= =Ú Ú            (6)

Â äâóõ ñëåäóþùèõ âûðàæåíèÿõ êîíñòàíòàìè
ÿâëÿþòñÿ êîýôôèöèåíòû Ëàìå è èõ ïðîèçâîäíûå:

4
0 0

1
;

H Huw
A dy uwdy

H H H H

δ δ
ϕ ϕ

ϕ ψ ϕ ψ

∂ ∂

∂ψ ∂ψ
= =Ú Ú     (7)

2
2

5
0 0

1
.

H Hw
A dy w dy

H H H H

δ δ
ψ ψ

ϕ ψ ϕ ψ

∂ ∂

∂ϕ ∂ϕ
= =Ú Ú    (8)

Ó÷èòûâàÿ ïîñëåäíåå óðàâíåíèå â ñèñòåìå (1),
äëÿ ñëåäóþùåãî ÷ëåíà óðàâíåíèÿ (3) ïîëó÷èì
âûðàæåíèå

6
0 0

1 1
.

p p
A dy dy

H H

δ δ

ϕ ϕ

∂ ∂
ρ ∂ϕ ρ ∂ϕ

= =Ú Ú             (9)
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Òåïëîâûå, ýëåêòðîðàêåòíûå äâèãàòåëè è ýíåðãîóñòàíîâêè Thermal engines, electric propulsion and power
ëåòàòåëüíûõ àïïàðàòîâ plants for flying vehicles

Äëÿ ïîñëåäíåãî ÷ëåíà óðàâíåíèÿ (3) íåîáõî-
äèìî âçÿòü îïðåäåë¸ííûé èíòåãðàë îò ïðîèçâîä-
íîé êàñàòåëüíîãî íàïðÿæåíèÿ òðåíèÿ. Òîãäà ïî-
ëó÷èì ïîñëåäíåå âûðàæåíèå äëÿ óðàâíåíèÿ (3):

7 0 0
0

1 1 1 1
(0 ) .

0
A dy

y

δ
ϕ

ϕ ϕ ϕ

δ∂τ
τ τ τ

ρ ∂ ρ ρ ρ
= = = - = -Ú   (10)

Â ðåçóëüòàòå äëÿ óðàâíåíèÿ (3) ìîæíî çàïèñàòü:

1 2 3 4 5 6 7.A A A A A A A- + + - = - +

Ó÷èòåì, ÷òî

0 0 0

1 1 1
,

w u
u dy w dy uwdy

H H H

δ δ δ

ψ ψ ψ

∂ ∂ ∂
∂ψ ∂ψ ∂ψ

Ê ˆ
+ = Á ˜

Ë ¯
Ú Ú Ú

òîãäà ïîëó÷èì:

2

0 0

0 0

2

0 0

2

0 0

0 0

1
2

1

1 1
2

1 1

1

HU
u dy udy

H H H

HU U
udy wdy

H H H

HU
wdy u dy

H H H

H
u dy uwdy

H H H

H
uwdy uwdy

H H H

H

H H

δ δ
ψ

ϕ ϕ ψ

δ δ
ϕ

ϕ ϕ ψ

δ δ
ψ

ψ ϕ ψ

δ δ
ϕ

ϕ ϕ ψ

δ δ
ϕ

ψ ϕ ψ

ϕ ψ

∂∂
∂ϕ ∂ϕ

∂∂
∂ϕ ∂ψ

∂∂
∂ψ ∂ϕ

∂∂
∂ϕ ∂ψ

∂∂
∂ψ ∂ψ

∂

Ê ˆ
- -Á ˜

Ë ¯

Ê ˆ
- - -Á ˜

Ë ¯

Ê ˆ
- + +Á ˜

Ë ¯

Ê ˆ
+ + +Á ˜

Ë ¯

Ê ˆ
+ + -Á ˜

Ë ¯

-

Ú Ú

Ú Ú

Ú Ú

Ú Ú

Ú Ú

02

0 0

1
.

p
w dy dy

H

δ δ
ψ ϕ

ϕ

τ∂
∂ϕ ρ ∂ϕ ρ

= - -Ú Ú

    

(11)

Äëÿ äàëüíåéøèõ ïðåîáðàçîâàíèé ïî ðåêîìåí-
äàöèè [22] íåîáõîäèìî ââåñòè õàðàêòåðíûå òîë-
ùèíû äëÿ äèíàìè÷åñêîãî ïðîñòðàíñòâåííîãî ïî-
ãðàíè÷íîãî ñëîÿ.

Òîëùèíà âûòåñíåíèÿ ïðîäîëüíîãî ïîòîêà
ïîãðàíè÷íîãî ñëîÿ (â íàïðàâëåíèè ϕ )

*

0

1 .
u

dy
U

δ

ϕδ Ê ˆ= -Á ˜Ë ¯Ú                    (12)

Òîëùèíà âûòåñíåíèÿ ïîïåðå÷íîãî ïîòîêà ïî-
ãðàíè÷íîãî ñëîÿ (â íàïðàâëåíèè êîîðäèíàòû ψ )

*

0

.
w

dy
U

δ

ψδ = Ú                       (13)

Òîëùèíà ïîòåðè èìïóëüñà ïðîäîëüíîãî ïîòîêà
ïîãðàíè÷íîãî ñëîÿ (â íàïðàâëåíèè êîîðäèíàòû ϕ )

**

0

1 .
u u

dy
U U

δ

ϕδ Ê ˆ= -Á ˜Ë ¯Ú                 (14)

Òîëùèíà ïîòåðè èìïóëüñà ïîïåðå÷íîãî ïîòî-
êà ïîãðàíè÷íîãî ñëîÿ (â íàïðàâëåíèè êîîðäèíà-
òû ψ )

2
**

2
0

.
w

dy
U

δ

ψδ = Ú                      (15)

Òîëùèíà ïîòåðè èìïóëüñà ïðîäîëüíîãî ïîòîêà
ïîãðàíè÷íîãî ñëîÿ â ïîïåðå÷íîì íàïðàâëåíèè

**

0

1 .
u w

dy
U U

δ

ϕψδ Ê ˆ= -Á ˜Ë ¯Ú                 (16)

Òîëùèíà ïîòåðè èìïóëüñà ïîïåðå÷íîãî ïîòîêà
â ïðîäîëüíîì íàïðàâëåíèè

** * **

0

.
w u

dy
U U

δ

ψϕ ψ ϕψδ δ δ= = -Ú              (17)

Íåîáõîäèìî îòìåòèòü, ÷òî ðàññìàòðèâàåìûå

õàðàêòåðíûå âåëè÷èíû * ** **, ,ϕ ϕ ψδ δ δ  ñóùåñòâåííî

ïîëîæèòåëüíû.
Ñãðóïïèðóåì â óðàâíåíèè (11) ÷ëåíû ñ ìíî-

æèòåëåì / :H ψ∂ ∂ϕ

2
1

0 0

2

0

1

1
.

H HU
B udy u dy

H H H H

H
w dy

H H

δ δ
ψ ψ

ϕ ψ ϕ ψ

δ
ψ

ϕ ψ

∂

∂ϕ ∂ϕ

∂

∂ϕ

= - = -

-

Â
Ú Ú

Ú

Êàæäûé ÷ëåí ðàçäåëèì íà êâàäðàò ñêîðîñòè
ÿäðà òå÷åíèÿ U 2 è ïðåîáðàçóåì âûðàæåíèå:

2

1 2
0 0

1
1 .

H u u w
B dy dy

H H U U U

δ δ
ψ

ϕ ψ

∂

∂ϕ

Ê ˆÊ ˆ= - -Á ˜Á ˜Ë ¯Ë ¯
Ú Ú

Ó÷èòûâàÿ âûðàæåíèÿ (14) è (15), ïîëó÷èì

( )** **
1

1
.

H
B

H H
ψ

ϕ ψ
ϕ ψ

∂
δ δ

∂ϕ
= - +          (18)
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Òåïëîâûå, ýëåêòðîðàêåòíûå äâèãàòåëè è ýíåðãîóñòàíîâêè Thermal engines, electric propulsion and power
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Ñãðóïïèðóåì â óðàâíåíèè (11) ÷ëåíû ñ ìíî-

æèòåëåì 
H ϕ∂

∂ψ
:

2
0 0

0

1

1
.

H HU
B wdy uwdy

H H H H

H
uwdy

H H

δ δ
ϕ ϕ

ϕ ψ ϕ ψ

δ
ϕ

ϕ ψ

∂ ∂

∂ψ ∂ψ

∂

∂ψ

= - + +

+

Ú Ú

Ú

Àíàëîãè÷íî ðàçäåëèì êàæäûé ÷ëåí íà êâàäðàò
ñêîðîñòè ÿäðà òå÷åíèÿ U 2:

2
0 0

1
2 .

H w u w
B dy dy

H H U U U

δ δ
ϕ

ϕ ψ

∂

∂ψ

Ê ˆ
= - +Á ˜

Ë ¯
Ú Ú

Ó÷èòûâàÿ âûðàæåíèÿ (13) è (14), ïîëó÷èì:

( )

( )

** *
2

* **

2
3

0 0

2

0

1
2

1
2 ;

1
2

1
.

2

H
B

H H

H

H H

U
B u dy udy

H H

H
u dy

H

ϕ
ψϕ ψ

ϕ ψ

ϕ
ψ ϕψ

ϕ ψ

δ δ

ϕ ϕ

δ
ϕ

ϕ

∂
δ δ

∂ψ

∂
δ δ

∂ψ

∂ ∂
∂ϕ ∂ϕ

∂

∂ϕ

= - =

= -

Ê ˆ Ê ˆ
= - +Á ˜ Á ˜

Ë ¯ Ë ¯

Ê ˆ
+ Á ˜

Ë ¯

Ú Ú

Ú

       
 (19)

Ïðîâåäÿ ïðåîáðàçîâàíèÿ âûðàæåíèÿ (19) è
ó÷èòûâàÿ âçàèìíî óíè÷òîæàþùèåñÿ ÷ëåíû ïîëó-
÷èì:

2

3
0

1
.

u u U U
B U u u dy

H

δ

ϕ

∂ ∂ ∂ ∂
∂ϕ ∂ϕ ∂ϕ ∂ϕ

Ê ˆ
= - - +Á ˜Ë ¯Ú

Îòìåòèì, ÷òî 
( )Uuu U

U u
∂∂ ∂

∂ϕ ∂ϕ ∂ϕ
+ = , òîãäà

ñãðóïïèðóåì ÷ëåíû è ïîìåíÿåì çíàê ó èíòåãðàëà
è äèôôåðåíöèàëà:

2
3

0 0

1
1 .

u u U
B U dy udy

H U U

δ δ

ϕ

∂ ∂
∂ϕ ∂ϕ

È ˘Ê ˆÊ ˆÍ ˙= - - +Á ˜Á ˜Ë ¯Í ˙Ë ¯Î ˚
Ú Ú

Ó÷èòûâàÿ òîæäåñòâî ( )*

0

,udy U
δ

ϕδ δ= -Ú  ìîæíî

çàïèñàòü:

( ) ( )2 ** **
3

1 1
.

U
B U U

H Hϕ ϕ
ϕϕ

∂ ∂δ δ δ
∂ϕ ∂ϕ

= - + -

Ðàñïèñàâ ïðîèçâîäíóþ è ðàçäåëèâ êàæäûé
÷ëåí íà êâàäðàò ñêîðîñòè ÿäðà òå÷åíèÿ ïîòîêà
ðàáî÷åãî òåëà U 2, ïîëó÷èì

( )
** **

*
3

21 1
.

U U
B

H H U H U
ϕ ϕ

ϕ
ϕ ϕ ϕ

∂δ δ ∂ ∂
δ δ

∂ϕ ∂ϕ ∂ϕ
= - - + -

Ïðîâåäÿ ïðåîáðàçîâàíèÿ, çàïèøåì:

( )
**

** *
3

1 1
2 .

U
B

H H U
ϕ

ϕ ϕ
ϕ ϕ

∂δ ∂
δ δ δ

∂ϕ ∂ϕ
= - + - - +    (20)

Àíàëîãè÷íî âûäåëÿåì â óðàâíåíèè (11) ÷ëåíû

ñ êîýôôèöèåíòîì Ëàìå 1 / H ψ  ïî êîîðäèíàòå ψ :

4
0 0

1
.

U
B wdy uwdy

H H

δ δ

ψ ψ

∂ ∂
∂ψ ∂ψ

Ê ˆ Ê ˆ
= - +Á ˜ Á ˜

Ë ¯ Ë ¯
Ú Ú

Âûíåñåì èíòåãðàë è äîáàâèì âçàèìíî óíè÷òî-
æàþùèåñÿ ÷ëåíû â ïîäûíòåãðàëüíîì âûðàæåíèè:

( )
4

0

1
.

uww U U
B U w dy

H

δ

ψ

∂∂ ∂ ∂
∂ψ ∂ψ ∂ψ ∂ψ

Ê ˆ
= - - + +Á ˜Ë ¯Ú

Ó÷èòûâàÿ äèôôåðåíöèàë îò ïðîèçâåäåíèÿ è
ñóììû ïîäûíòåãðàëüíûõ ôóíêöèé, ïðåîáðàçóåì
óðàâíåíèå ê âèäó

( )4
0

.
U

B uw Uw w dy
δ ∂ ∂

∂ψ ∂ψ
Ê ˆ

= - +Á ˜Ë ¯Ú

Çàïèñàâ èíòåãðàë îò ñóììû è ðàçäåëèâ è óì-
íîæèâ ïåðâûé ÷ëåí âûðàæåíèÿ íà êâàäðàò ñêîðî-
ñòè ÿäðà òå÷åíèÿ U 2, âòîðîé ÷ëåí íà ñêîðîñòü â
ÿäðå òå÷åíèÿ U, ïîëó÷èì âûðàæåíèå

2
4

0 0

1
1 .

u w U U w
B U dy dy

H U U H U

δ δ

ψ ψ

∂ ∂
∂ψ ∂ψ

Ê ˆÊ ˆ= - - +Á ˜Á ˜Ë ¯Ë ¯
Ú Ú

Ïðèíèìàÿ âî âíèìàíèå óðàâíåíèå (3) è ïðî-
âåäÿ ïðåîáðàçîâàíèÿ, ïîëó÷èì âûðàæåíèå

( )2 ** *
4

1
.

U U
B U

H Hϕψ ψ
ψ ψ

∂ ∂
δ δ

∂ψ ∂ψ
= - +
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Òåïëîâûå, ýëåêòðîðàêåòíûå äâèãàòåëè è ýíåðãîóñòàíîâêè Thermal engines, electric propulsion and power
ëåòàòåëüíûõ àïïàðàòîâ plants for flying vehicles

Îïðåäåëèì ïðîèçâîäíóþ îò ïðîèçâåäåíèÿ è
ðàçäåëèì êàæäûé ÷ëåí íà êâàäðàò ñêîðîñòè ÿäðà
òå÷åíèÿ U 2:

** **
*

4

21 1
.

U
B

H H U H U
ϕψ ϕψ

ψ
ψ ψ ψ

∂δ δ ∂
δ

∂ψ ∂ψ
= - - +

Ïðîâåäÿ ïðåîáðàçîâàíèÿ, ïîëó÷èì:

( )
**

* **
4

1 1
2 .

U
B

H H U
ϕψ

ψ ϕψ
ψ ψ

∂δ ∂
δ δ

∂ψ ∂ψ
= - + -    (21)

Âñå ÷ëåíû â ïðàâîé ÷àñòè óðàâíåíèÿ (11) ðàç-
äåëèì íà êâàäðàò ñêîðîñòè ÿäðà òå÷åíèÿ U 2, òîã-
äà ïîëó÷èì

0
5 2 2

1
,

p
B

H U U
ϕ

φ

τ∂ δ
∂ϕρ ρ

= - -             (22)

ãäå 
0

dy
δ

δ = Ú  — òîëùèíà äèíàìè÷åñêîãî ïðîñòðàí-

ñòâåííîãî ïîãðàíè÷íîãî ñëîÿ.
Óðàâíåíèå èìïóëüñîâ äëÿ ïåðâîãî óðàâíåíèÿ

ñèñòåìû (1) çàïèøåòñÿ êàê ñóììà ïîëó÷åííûõ
âûðàæåíèé:

1 2 3 4 5.B B B B B+ + + =

Èçìåíèâ çíàê, ìîæíî îêîí÷àòåëüíî çàïèñàòü:

( )
** **

** *1 1 1
2

U
H H U H

ϕ ϕψ
ϕ ϕ

ϕ ϕ ψ

∂δ ∂δ∂
δ δ δ

∂ϕ ∂ϕ ∂ψ
+ + - + +

( ) ( )** * ** **1 1
2

HU
H U H H H

ψ
ϕψ ψ ϕ ψ

ψ ψ ϕ ψ

∂∂ δ δ δ δ
∂ψ ∂ϕ

+ - + + +

( ) 0** *
2 2

1 1
2 .

H p
H H H U U

ϕ ϕ
ϕψ ψ

ϕ ψ ϕ

∂ τ∂δ δ δ
∂ψ ∂ϕρ ρ

+ - = +  (23)

Ó÷èòûâàÿ âûðàæåíèå (2) äëÿ âåðòèêàëüíîé
êîìïîíåíòû ñêîðîñòè v, ïåðåïèøåì âòîðîå óðàâ-
íåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé
äâèæåíèÿ (1) äëÿ ïðîñòðàíñòâåííîãî ïîãðàíè÷íî-
ãî ñëîÿ:

( ) ( )
0 0

1
y yH u H wu w w

dy dy
H H H y

ψ ϕ

ϕ ϕ ψ

∂ ∂∂ ∂
∂ϕ ∂ϕ ∂ψ ∂

È ˘
Í ˙- + +Í ˙
Í ˙Î ˚
Ú Ú

2

1 1
.

H Hw w uw U
H H H H H

p
H y

ψ ϕ

ψ ϕ ψ ϕ ψ

ψ

ψ

∂ ∂∂
∂ψ ∂ϕ ∂ψ

∂τ∂
ρ ∂ψ ρ ∂

+ + - =

= - +     (24)

Ïðîèíòåãðèðóåì êàæäûé ÷ëåí óðàâíåíèå (24)
âäîëü êîîðäèíàòû ó îò ïîâåðõíîñòè îáòåêàíèÿ 0

äî òîëùèíû äèíàìè÷åñêîãî ïîãðàíè÷íîãî ñëîÿ δ .

Ó÷èòûâàÿ, ÷òî êîýôôèöèåíò Ëàìå ÿâëÿåòñÿ ïîñòî-
ÿííîé âåëè÷èíîé, ïðè èíòåãðèðîâàíèè ïî ó ïî-
ëó÷èì:

1
0 0

1
.

u w w
C u dy

H H

δ δ

ϕ ϕ

∂ ∂
∂ϕ ∂ϕ

= =Ú Ú           (25)

Èíòåãðàë âòîðîãî ÷ëåíà âîçüìåì ïî ÷àñòÿì:

( ) ( )
2

0 0 0

1
;

y yH u H w w
C dy dy dy

H H y

δ
ψ ϕ

ϕ ψ

∂ ∂ ∂
∂ϕ ∂ψ ∂

È ˘
Í ˙= +Í ˙
Í ˙Î ˚
Ú Ú Ú

( ) ( )

( ) ( )

2
0 0

0

1

0

.

y yH u H w
C dy dy w

H H

H u H w
w dy

ψ ϕ

ϕ ψ

δ
ψ ϕ

∂ ∂ δ

∂ϕ ∂ψ

∂ ∂

∂ϕ ∂ψ

ÈÊ ˆ
ÍÁ ˜= + -ÍÁ ˜Ë ¯ÍÎ

˘È ˘
˙Í ˙- + ˙Í ˙

Í ˙ ˙Î ˚ ˚

Ú Ú

Ú

Ïîïåðå÷íàÿ ñîñòàâëÿþùàÿ ñêîðîñòè â äèíàìè-
÷åñêîì ïðîñòðàíñòâåííîì ïîãðàíè÷íîì ñëîå (ñì.
ðèñ. 1) ðàâíà 0 íà ïîâåðõíîñòè îáòåêàíèÿ ïðè ó = 0
è íà ãðàíèöå äèíàìè÷åñêîãî ïîãðàíè÷íîãî ñëîÿ

ïðè ó = δ , ñëåäîâàòåëüíî, ïðè ïîäñòàíîâêå ïðåäå-

ëîâ èíòåãðèðîâàíèÿ ïåðâûé ÷ëåí ðàâåí íóëþ:

( ) ( )
2

0

1
.

H u H w
C w dy

H H

δ
ψ ϕ

ϕ ψ

∂ ∂

∂ϕ ∂ψ

È ˘
Í ˙= - +Í ˙
Í ˙Î ˚

Ú

Ðàñïèñàâ ïðîèçâîäíóþ è ïîìåíÿâ çíàê äèô-
ôåðåíöèàëà è èíòåãðàëà, ïîëó÷èì:

2
0 0

2 2

0 0

1

.
2

H u
C wudy H w dy

H H

H H
w dy w dy

δ δ
ψ

ψ
ϕ ψ

δ δ
ϕ ϕ

∂ ∂
∂ϕ ∂ϕ

∂ ∂
∂ψ ∂ψ

È
= - - -Í

ÍÎ

˘Ê ˆ
˙- - Á ˜
˙Ë ¯ ˚

Ú Ú

Ú Ú
   

(26)
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Òåïëîâûå, ýëåêòðîðàêåòíûå äâèãàòåëè è ýíåðãîóñòàíîâêè Thermal engines, electric propulsion and power
ëåòàòåëüíûõ àïïàðàòîâ plants for flying vehicles

Â âûðàæåíèè äëÿ òðåòüåãî ÷ëåíà âíåñ¸ì ôóí-
êöèþ ïîïåðå÷íîé ñêîðîñòè â ïîãðàíè÷íîì ñëîå
w ïîä çíàê äèôôåðåíöèàëà:

3
0

2
3

0

1
;

2

1
.

2

w w
C dy

H H

C w dy
H

δ

ψ ψ

δ

ψ

∂
∂ψ

∂
∂ψ

= =

Ê ˆ
= Á ˜

Ë ¯

Ú

Ú
             (27)

Â ñëåäóþùèõ ðàññìàòðèâàåìûõ ÷ëåíàõ âûíå-
ñåì çà çíàê èíòåãðàëà ïîñòîÿííûå êîýôôèöèåí-
òû Ëàìå è èõ ïðîèçâîäíûå:

4
0 0

1
;

H Hu
C dy uwdy

H H H H

δ δ
ψ ψ

ϕ ψ ϕ ψ

∂ ∂

∂ϕ ∂ϕ
= =Ú Ú   (28)

2
2

5
0 0

1
.

H Hu
C dy u dy

H H H H

δ δ
ϕ ϕ

ϕ ψ ϕ ψ

∂ ∂

∂ψ ∂ψ
= =Ú Ú     (29)

Ó÷èòûâàÿ, ÷òî äàâëåíèå â ïîãðàíè÷íîì ñëîå ð
íå èçìåíÿåòñÿ ïî êîîðäèíàòå ó â ïðåäåëàõ òîëùè-

íû äèíàìè÷åñêîãî ïîãðàíè÷íîãî ñëîÿ δ , ïîëó÷èì

âûðàæåíèå äëÿ ñëåäóþùåãî ÷ëåíà:

6
0 0

1 1
,

p p
C dy dy

H H

δ δ

ψ ψ

∂ ∂
ρ ∂ψ ρ ∂ψ

= =Ú Ú

ãäå 
0

dy
δ

δ = Ú  — òîëùèíà äèíàìè÷åñêîãî ïðîñòðàí-

ñòâåííîãî ïîãðàíè÷íîãî ñëîÿ:

6
1

.
p

C
H ψ

∂
δ

ρ ∂ψ
=                     (30)

Â ñëåäóþùåì ÷ëåíå íåîáõîäèìî îïðåäåëèòü
èíòåãðàë îò ïðîèçâîäíîé íàïðÿæåíèÿ òðåíèÿ:

0
7

0

1
.C dy

y

δ
ψ ψ∂τ τ

ρ ∂ ρ
= = -Ú                 (31)

Ðåçóëüòàò èíòåãðèðîâàíèÿ óðàâíåíèÿ (24) ïî
òîëùèíå äèíàìè÷åñêîãî ïðîñòðàíñòâåííîãî ïî-
ãðàíè÷íîãî ñëîÿ çàïèøåòñÿ êàê ñóììà èíòåãðàëîâ:

1 2 3 4 5 6 7.C C C C C C C- + + - = - +

Ïîëó÷èì:

0 0

2

0 0

2 2

0 0

2

0 0

0

1 1

1 1

1 1
2 2

1 1

1
.

Hw
u dy wudy

H H H

Hu
w dy w dy

H H H

w dy w dy
H H

H H
uwdy u dy

H H H H

p
H

δ δ
ψ

ϕ ϕ ψ

δ δ
ϕ

ϕ ϕ ψ

δ δ

ψ ψ

δ δ
ψ ϕ

ϕ ψ ϕ ψ

ψ

ψ

∂∂
∂ϕ ∂ϕ

∂∂
∂ϕ ∂ψ

∂ ∂
∂ψ ∂ψ

∂ ∂

∂ϕ ∂ψ

τ∂ δ
ρ ∂ψ ρ

+ +

+ + +

Ê ˆ Ê ˆ
+ + +Á ˜ Á ˜

Ë ¯ Ë ¯

+ - =

= - -

Ú Ú

Ú Ú

Ú Ú

Ú Ú
   

(32)

Ñãðóïïèðóåì ÷ëåíû â óðàâíåíèè (32). Ðàñ-

ñìîòðèì ÷ëåíû ñ ìíîæèòåëåì 
1

H ϕ
:

1
0 0

1 1
,

w u
D u dy w dy

H H

δ δ

ϕ ϕ

∂ ∂
∂ϕ ∂ϕ

= +Ú Ú

ãäå D1 — èíòåãðàë äèôôåðåíöèàëà îò ïðîèçâåäå-
íèÿ ôóíêöèé:

1
0

1
.D uwdy

H

δ

ϕ

∂
∂ϕ

Ê ˆ
= Á ˜

Ë ¯Ú

Ðàçäåëèì è óìíîæèì ôóíêöèþ ïîä äèôôåðåí-
öèàëîì íà êâàäðàò ñêîðîñòè ÿäðà òå÷åíèÿ U 2 è,
ó÷èòûâàÿ âûðàæåíèå (17), ïðåîáðàçóåì óðàâíåíèå
ê âèäó

( )2 2 **
1

0

1 1
.

u w
D U dy U

H U U H

δ

ϕψ
ϕ ϕ

∂ ∂
δ

∂ϕ ∂ϕ

Ê ˆ
= =Á ˜

Ë ¯
Ú

Ïðîäèôôåðåíöèðóåì ïîëó÷åííîå âûðàæåíèå:

** **2

1

2
.

U U U
D

H U H
ψϕ ψϕ

ϕ ϕ

δ ∂δ∂
∂ϕ ∂ϕ

= +

Ðàçäåëèì êàæäûé ÷ëåí íà êâàäðàò ñêîðîñòè
ÿäðà òå÷åíèÿ U 2, òîãäà ïîëó÷èì

** **

1

2 1
.

U
D

H U H
ψϕ ψϕ

ϕ ϕ

δ ∂δ∂
∂ϕ ∂ϕ

= +            (33)
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Òåïëîâûå, ýëåêòðîðàêåòíûå äâèãàòåëè è ýíåðãîóñòàíîâêè Thermal engines, electric propulsion and power
ëåòàòåëüíûõ àïïàðàòîâ plants for flying vehicles

Ðàññìîòðèì â óðàâíåíèè (32) ÷ëåíû ñ ìíîæè-

òåëåì 
1

,
H ψ

∂
∂ψ

 ñëîæèì èõ è ïîëó÷èì

2
2

0

1
D w dy

H

δ

ψ

∂
∂ψ

Ê ˆ
= Á ˜

Ë ¯
Ú

Óìíîæèâ ïîäûíòåãðàëüíîå âûðàæåíèå íà
U 2/U 2 è ó÷èòûâàÿ óðàâíåíèå (15) äëÿ òîëùèíû ïî-
òåðè èìïóëüñà ïîïåðå÷íîãî ïîòîêà ïîãðàíè÷íî-
ãî ñëîÿ (â íàïðàâëåíèè êîîðäèíàòû ψ ), çàïèøåì:

( )2 **
2

1
.D U

H ψ
ψ

∂
δ

∂ψ
=

Ïðîäèôôåðåíöèðóåì ïîëó÷åííîå âûðàæåíèå
è ðàçäåëèì êàæäûé ÷ëåí íà êâàäðàò ñêîðîñòè ÿäðà
òå÷åíèÿ U 2:

** **

2

2 1
.

U
D

H U H
ψ ψ

ϕ ψ

δ ∂δ∂
∂ψ ∂ψ

= +            (34)

Ðàññìîòðèì â óðàâíåíèè (32) ÷ëåíû ñ

1 H

H H
ψ

ϕ ψ

∂

∂ϕ
, ïðè ñëîæåíèè ïîëó÷èì

3
0

2
.

H
D wudy

H H

δ
ψ

ϕ ψ

∂

∂ϕ
= Ú

Àíàëîãè÷íî óìíîæèì ïîäûíòåãðàëüíîå âûðà-
æåíèå íà U 2/U 2 è ñ ó÷¸òîì òîëùèíû ïîòåðè èì-
ïóëüñà ïîïåðå÷íîãî ïîòîêà â ïðîäîëüíîì íàïðàâ-
ëåíèè (17) ïîëó÷èì

2
**

3

2
.

HU
D

H H
ψ

ϕψ
ϕ ψ

∂
δ

∂ϕ
=

Ðàçäåëèâ íà êâàäðàò ñêîðîñòè ÿäðà òå÷åíèÿ U 2

çàïèøåì:

**
3

2
.

H
D

H H
ψ

ϕψ
ϕ ψ

∂
δ

∂ϕ
=              (35)

Âûïîëíèì ïðåîáðàçîâàíèÿ äëÿ ñëàãàåìûõ ñ

1 H

H H
ϕ

ϕ ψ

∂

∂ψ :

2 2
4

0 0

1 1
.

H H
D w dy u dy

H H H H

δ δ
ϕ ϕ

ϕ ψ ϕ ψ

∂ ∂

∂ψ ∂ψ
= -Ú Ú

Â ïåðâîì ÷ëåíå ïîäûíòåãðàëüíîå âûðàæåíèå
óìíîæèì íà U 2/U 2 ñ ó÷¸òîì (28), âî âòîðîì ÷ëå-
íå äîáàâèì âçàèìíî óíè÷òîæàþùèåñÿ ñëàãàåìûå

( ) ( )2 2 :Uu U Uu U+ - +

( )

2
2

4
0

2 2 2

0

1
.

HU
D w dy

H H

H
Uu u Uu U U dy

H H

δ
ϕ

ϕ ψ

δ
ϕ

ϕ ψ

∂

∂ψ

∂

∂ψ

= +

+ - + + -

Ú

Ú

Ïðåîáðàçîâàâ âûðàæåíèå

2
**

4

2

0

1
1 1 1 ,

HU
D

H H

H u u u
U dy

H H U U U

ϕ
ψ

ϕ ψ

δ
ϕ

ϕ ψ

∂
δ

∂ψ

∂

∂ψ

= +

È ˘È ˘Ê ˆ Ê ˆ+ - + - -Í ˙Á ˜ Á ˜Í ˙Ë ¯ Ë ¯Î ˚Î ˚
Ú

ðàçäåëèì êàæäûé ÷ëåí íà êâàäðàò ñêîðîñòè ÿäðà
òå÷åíèÿ U 2, âûíåñÿ îáùèå ìíîæèòåëè çà ñêîáêè,
ñ ó÷¸òîì òîëùèíû âûòåñíåíèÿ ïðîäîëüíîãî ïîòî-
êà ïîãðàíè÷íîãî ñëîÿ (â íàïðàâëåíèè ϕ ) (12),

òîëùèíû ïîòåðè èìïóëüñà ïðîäîëüíîãî ïîòîêà
ïîãðàíè÷íîãî ñëîÿ (â íàïðàâëåíèè êîîðäèíàòû
ϕ ) (14), ïîëó÷èì:

( )** ** *
4

1
.

H
D

H H
ϕ

ψ ϕ ϕ
ϕ ψ

∂
δ δ δ δ

∂ψ
= + + -        (36)

×ëåíû â ïðàâîé ÷àñòè (32) àíàëîãè÷íî ðàçäå-
ëèì íà êâàäðàò ñêîðîñòè ÿäðà òå÷åíèÿ U 2:

0
5 2 2

1
.

p
D

H U U
ψ

ψ

τ∂ δ
∂ψρ ρ

= - -            (37)

Óðàâíåíèå èìïóëüñîâ, ñîîòâåòñòâóþùåå âòî-
ðîìó óðàâíåíèþ èç ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé ïðîñòðàíñòâåííîãî ïîãðàíè÷íîãî ñëîÿ
(1), îïðåäåëèòñÿ êàê ñóììà èíòåãðàëîâ:

1 2 3 4 5.D D D D D+ + + =

Îêîí÷àòåëüíî çàïèøåì óðàâíåíèå èìïóëüñîâ
â ïðîåêöèÿõ íà ïîïåðå÷íóþ êîîðäèíàòíóþ îñü:

** ** ** **2 21 1 U U
H H H U H U

ψ ψϕ ψϕ ψ

ψ ϕ ϕ ψ

∂δ ∂δ δ δ∂ ∂
∂ψ ∂ϕ ∂ϕ ∂ψ

+ + + +
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( )
**

** ** *
2 1H H

H H H H
ψϕ ψ ϕ

ψ ϕ ϕ
ϕ ψ ϕ ψ

δ ∂ ∂
δ δ δ δ

∂ϕ ∂ψ
+ + + + - =

0
2 2

1
.

p

H U U
ψ

ψ

τ∂ δ
∂ψρ ρ

= - -                (38)

Ïîëó÷åííûå óðàâíåíèÿ (23), (38) ïðåäñòàâëÿ-
þò ñîáîé çàïèñü óðàâíåíèé èìïóëüñîâ â ïðîåêöè-
ÿõ íà íàïðàâëåíèÿ åñòåñòâåííûõ îðòîãîíàëüíûõ
êîîðäèíàò ϕ  è ψ . Ñèñòåìà óðàâíåíèé (23), (38)

ïîëó÷åíà â áîëåå îáùåì âèäå â îòëè÷èå îò èçâå-
ñòíûõ ðåøåíèé Ã.Þ. Ñòåïàíîâà [22] è Ñ.Í. Øêàð-
áóëÿ [25, 26], âûïîëíåííûõ ñ ó÷¸òîì îñîáåííîñ-
òåé òå÷åíèÿ â ìåæëîïàòî÷íîì êàíàëå îñåâîé ãà-
çîâîé òóðáèíû è ïî ïîêðûâíîìó äèñêó ðàáî÷åãî
êîëåñà öåíòðîáåæíîãî íàñîñà è òóðáèíû. Â ïðåä-
ëàãàåìîé çàïèñè óðàâíåíèÿ èìïóëüñîâ ñîõðàíåíû
÷ëåíû ñ ïðîèçâîäíîé ñòàòè÷åñêîãî äàâëåíèÿ

/ ,p∂ ∂ϕ  ÷òî ïîçâîëÿåò èíòåãðèðîâàòü óðàâíåíèÿ ïî

ïîâåðõíîñòè ëþáîé ôîðìû â ñëó÷àå íåïîòåíöè-
àëüíîãî òå÷åíèÿ âíåøíåãî ïîòîêà è ñæèìàåìîãî
ðàáî÷åãî òåëà.

Îòìåòèì, ÷òî ïîëó÷åííîå óðàâíåíèå èìïóëü-
ñîâ ïðè ñëåäóþùèõ äîïóùåíèÿõ:

1) îòñóòñòâèå ïîïåðå÷íîãî ãðàäèåíòà ñòàòè÷åñ-

êîãî äàâëåíèÿ / 0p∂ ∂ψ = ;

2) ó÷¸ò ïîòåíöèàëüíîñòè òå÷åíèÿ

 
1 dp dU

U
d dρ ϕ ϕ

- =

ïðåîáðàçóåòñÿ ê êëàññè÷åñêîé çàïèñè èíòåãðàëü-
íîãî ñîîòíîøåíèÿ Êàðìàíà [27, 28]:

** **
0

2
(2 ) .

d dU
H

d U d U
ϕ ϕ ϕδ δ τ

ϕ ϕ ρ
+ + =

Â ñèñòåìàõ (23), (38) ÷èñëî íåèçâåñòíûõ ôóíê-
öèé ïðåâûøàåò ÷èñëî óðàâíåíèé. Ïîýòîìó âîç-
ìîæíîñòü òðàäèöèîííîãî ðåøåíèÿ çàêëþ÷àåòñÿ â
òîì, ÷òî íåîáõîäèìî ââîäèòü óñëîâíûå îòíîñè-
òåëüíûå ñóùåñòâåííî ïîëîæèòåëüíûå âåëè÷èíû:

* * ** ** **

** ** 2 ** ** **

1 1 1 1
, , , , ,H K L M Iϕ ψ ψ ψϕ ϕψ

ϕ ϕ ϕ ϕ ϕ

δ δ δ δ δ

ε ε εδ δ ε δ δ δ
= = = = =

êîòîðûå ñ÷èòàþòñÿ ïîñòîÿííûìè âåëè÷èíàìè â
îáëàñòè, íå îòíîñÿùåéñÿ ê çîíå îòðûâà ïîòîêà.
Ýòî ïîäòâåðæäàåòñÿ ýêñïåðèìåíòàëüíûìè ðàáî-

òàìè, ãäå 0tgε θ= — òàíãåíñ óãëà ñêîñà äîííîé ëè-

íèè òîêà (ñì. ðèñ. 1), îïðåäåëÿþùèé ïîïåðå÷íóþ
ñîñòàâëÿþùóþ íàïðÿæåíèÿ òðåíèÿ íà ñòåíêå:

0 0 0tg /ψ ϕθ τ τ= . Ñ ó÷åòîì ðàññìîòðåííûõ ñóùå-

ñòâåííî ïîëîæèòåëüíûõ âåëè÷èí â ñèñòåìå (23),
(38) îñòàþòñÿ äâà íåèçâåñòíûõ, ÷òî ïîçâîëÿåò âå-
ñòè èíòåãðèðîâàíèå áåç äîïîëíèòåëüíûõ óðàâíå-
íèé. Îñòàâøèåñÿ íåèçâåñòíûå ôóíêöèè ñêîðîñ-

òè U, / , / ,U U∂ ∂ϕ ∂ ∂ψ  êîýôôèöèåíòîâ Ëàìå

, , ,
H H

H H ϕ ψ
ϕ ψ

∂ ∂

∂ψ ∂ϕ
 îïðåäåëÿþòñÿ èç èçâåñòíîãî

ðåøåíèÿ äëÿ âíåøíåãî ÿäðà òå÷åíèÿ è åãî ãðàíè÷-
íûõ óñëîâèé. Â îáùåì ñëó÷àå âîçìîæíî òîëüêî
÷èñëåííîå èíòåãðèðîâàíèå ñèñòåìû (23), (38) êàê
ñèñòåì íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà.
Äàííûé ôàêò âûçûâàåò çíà÷èòåëüíûå òðóäíîñòè,
ñâÿçàííûå ñ íåðàçâèòîñòüþ ìåòîäîâ èíòåãðèðîâà-
íèÿ óðàâíåíèé ýòîãî òèïà. Îäíàêî â íåêîòîðûõ
÷àñòíûõ ñëó÷àÿõ âîçìîæíû ïðåîáðàçîâàíèÿ óðàâ-
íåíèé (23), (38) ê âèäó, ïîçâîëÿþùåìó ïðîèçâå-
ñòè èõ èíòåãðèðîâàíèå, â ÷àñòíîñòè äëÿ îñåñèì-
ìåòðè÷íûõ òå÷åíèé è êîëüöåâûõ çàìêíóòûõ ëèíèé
òîêà.

Äëÿ ðåøåíèÿ çàäà÷è îáòåêàíèÿ ïîâåðõíîñòè ñ
ó÷åòîì òåïëîîáìåíà íåîáõîäèìî ñîâìåñòíîå ðå-
øåíèå ïîëó÷åííûõ óðàâíåíèé (23), (38) è èíòåã-
ðàëüíîãî ñîîòíîøåíèÿ óðàâíåíèÿ ýíåðãèè òåìïå-
ðàòóðíîãî ïðîñòðàíñòâåííîãî ïîãðàíè÷íîãî ñëîÿ,
çàïèñàííîãî â åñòåñòâåííîé êðèâîëèíåéíîé ñè-
ñòåìå êîîðäèíàò [21]:

( ) ( )

( )
( )
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** **
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1 1 1
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t t
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H
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ϕ ψ ϕ ψ

ϕϕ
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ϕ ψ δ

δ δ
δ

ϕ ψ ϕ

τ εαδ
ψ ρ ρ

∂ ∂ ∂
+ + +

∂ ∂ ∂

+∂
+ = -

∂ -

  
(39)

Ïîëó÷åííûå óðàâíåíèÿ — ýòî óðàâíåíèÿ ïà-
ðàáîëè÷åñêîãî òèïà, è äëÿ èõ ðåøåíèÿ òðåáóåòñÿ
èñïîëüçîâàíèå êîíå÷íî-ðàçíîñòíûõ ñõåì. Â öåëÿõ
âåðèôèêàöèè ïîëó÷åííûõ ðåçóëüòàòîâ ïðîâåäå-
íû èññëåäîâàíèÿ óðàâíåíèé äëÿ ðàäèàëüíîãî
ñåêòîðà.

Òåîðåòè÷åñêèå è ýêñïåðèìåíòàëüíûå èññëåäî-
âàíèÿ òå÷åíèÿ ïðîâîäèëèñü â ðàäèàëüíîì ñåêòî-
ðå (áåç ó÷åòà òåïëîîáìåíà) â äèàïàçîíå ðàäèóñîâ
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Ðèñ. 2. Çàâèñèìîñòü òîëùèíû ïîòåðè èìïóëüñà îò óãëà ïîâîðîòà ïîòîêà â êðóãîâîì ðàäèàëüíîì ñåêòîðå
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à)

á)

Ðèñ. 3. Äîííûå ëèíèè òîêà ïðè òå÷åíèè â êðóãîâîì ñåêòîðå: à — ðàñ÷¸òíàÿ âèçóàëèçàöèÿ, 0iθ  –

óãëû ñêîñà äîííîé ëèíèè òîêà; á — ýêñïåðèìåíòàëüíàÿ âèçóàëèçàöèÿ, U = 18 ì/ñ, ïðè òå÷åíèè â ïðÿ-
ìîóãîëüíîì êîëåíå
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îò min 0,031R = ì äî max 0,169R = ì íà óãëå ïîâîðî-

òà ïîòîêà Δα  îò 0 äî 90°. Ñêîðîñòü ïîòîêà íà ìàê-
ñèìàëüíîì ðàäèóñå èçìåíÿëàñü â ïðåäåëàõ îò 5 äî
50 ì/ñ, ÷òî ñîîòâåòñòâîâàëî èçìåíåíèþ êðèòåðèÿ

Ðåéíîëüäñà Reu

U R
ν
◊Ê ˆ= Á ˜Ë ¯

 îò 5,6·105 äî 5,6·104. Íà

ðèñ. 2 ïðèâåäåíû ðàñ÷¸òíûå çàâèñèìîñòè äëÿ òîë-
ùèíû ïîòåðè èìïóëüñà (â çàâèñèìîñòè îò óãëà ïî-
âîðîòà ïîòîêà â êðóãîâîì ðàäèàëüíîì ñåêòîðå,
ïðè ðàçëè÷íûõ ñêîðîñòÿõ òå÷åíèÿ â ÿäðå íà ðàç-
ëè÷íûõ ðàäèóñàõ). Òîëùèíà ïîòåðè èìïóëüñà óâå-
ëè÷èâàåòñÿ ïðè áîëüøåé äëèíå èíòåãðèðîâàíèÿ ïî
ëèíèè òîêà. Ïðè èçìåíåíèè ñêîðîñòè îò 50 äî
5 ì/ñ òîëùèíà ïîòåðè èìïóëüñà äèíàìè÷åñêîãî

ïîãðàíè÷íîãî ñëîÿ íà óãëå 90° âîçðàñòàåò â
1,6 ðàçà.

Íà ðèñ. 3 ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííîé
è ýêñïåðèìåíòàëüíîé âèçóàëèçàöèè ëèíèé òîêà
ïðè òå÷åíèè â êðóãîâîì ðàäèàëüíîì êàíàëå. Âèä-
íî, ÷òî íàïðàâëåíèÿ ëèíèé òîêà è èõ õàðàêòåð
óäîâëåòâîðèòåëüíî ñîâïàäàþò, ÷òî ñâèäåòåëüñòâóåò
î êîððåêòíîñòè ïîëó÷åííîãî ðåøåíèÿ ðàññìàòðè-
âàåìûõ óðàâíåíèé.

Âûâîäû

Ïîëó÷åíî óðàâíåíèå èìïóëüñîâ ïðîñòðàí-
ñòâåííîãî (òð¸õìåðíîãî) ïîãðàíè÷íîãî ñëîÿ â
ïðîåêöèÿõ íà îñè åñòåñòâåííûõ îðòîãîíàëüíûõ
êðèâîëèíåéíûõ êîîðäèíàò, îòëè÷àþùååñÿ îò èç-
âåñòíûõ ÷àñòíûõ ðåøåíèé è ïðåäñòàâëåííîå â áî-
ëåå îáùåì âèäå. Òàêàÿ çàïèñü ïîçâîëÿåò ïîëó÷àòü
ðåøåíèÿ ïî ïîâåðõíîñòè ëþáîé ôîðìû êàê äëÿ
ïîòåíöèàëüíûõ òå÷åíèé, òàê è äëÿ âèõðåâûõ (âðà-
ùàòåëüíûõ) òå÷åíèé ñ íàëè÷èåì ãðàäèåíòà äàâëå-
íèé.

Â êà÷åñòâå ïðèìåðà õàðàêòåðíîãî òå÷åíèÿ â
êðèâîëèíåéíîì ðàäèàëüíîì êàíàëå (êàíàëû ëîïà-
òî÷íûõ ìàøèí, êðèâîëèíåéíûå ó÷àñòêè òðóáîïðî-
âîäîâ) âûïîëíåíî èíòåãðèðîâàíèå äëÿ ïîòåíöè-
àëüíîãî òå÷åíèÿ â êðóãîâîì ñåêòîðå. Ðåçóëüòàòû
÷èñëåííîãî ìîäåëèðîâàíèÿ ñîãëàñóþòñÿ ñ ðåçóëü-
òàòàìè âèçóàëèçàöèè ëèíèé òîêà ïðè òå÷åíèè â
ïðÿìîóãîëüíîì ðàäèàëüíîì êàíàëå ñ öèëèíäðè-
÷åñêèìè áîêîâûìè ñòåíêàìè ïî îêðóæíûì íà-
ïðàâëÿþùèì.

Ïðè ó÷åòå òåïëîâûõ ïîòîêîâ îò ðàáî÷åãî òåëà
ê ëîïàòêàì òóðáèíû òðåáóåòñÿ ñîâìåñòíîå ðåøå-
íèå ïîëó÷åííûõ óðàâíåíèé èìïóëüñîâ è èíòåã-
ðàëüíîãî ñîîòíîøåíèÿ óðàâíåíèÿ ýíåðãèè (39)
[21].
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Abstract

Severe requirements on energy and operation
parameters are placed to the gas turbines’ air-gas
channels designing.

Velocities distribution along the length of the inter-
blade channel affects significantly the working body
heat transfer to the structural elements, and velocity
and pressure distribution profiles affect, in the first
place, the temperature boundary layer profile
distribution. It is essential to account for the specifics
of the flow in the inter-blade channel, which
represents a radial channel. Convoluted, non-closed
lines of the flow with transverse pressure gradient,
which significantly affect the slope of the flow bottom
lines, and, correspondingly, the temperature boundary
layer formation and transformation, are being realized
in this radial channel.

Joint solution of the momentum and energy
equations of the spatial boundary layer for the
considered radial cavities of the inter-blade channel
is necessary, which represents up-to-date scientific and
engineering problem.

In [1, 2-4] the authors proposed analytical
approach to hydrodynamic and thermal parameters
determining in gas turbines’ rotation cavities with
closed circular lines and transverse pressure gradient.
However, the flow line is non-closed in the inter-
channel cavities, and solution of dynamics and energy
equations is being significantly complicated.

The article considered the analytical approach to
integrating momentum equations of the dynamic and
spatial boundary layer for the flow-around surfaces of
the curvilinear shape in the natural curvilinear system
of coordinates with the presence of the transversal
pressure gradient. The initial system of differential
equations for the dynamic spatial boundary layer was
integrated on the boundary layer thickness. As the
result, a system of momentum equations in projections
to the directions of natural coordinates was obtained.

The system of equations is presented in a more
General form, in contrast to the already known
solutions of G.Yu. Stepanov [6] and S.N. Shkarbul [7, 8],
performed with account for the flow characteristics in
the inter-blade channel of an axial turbine and along
the cover disk of the impeller of a centrifugal pump,
respectively. The suggested notation of the equation
allows integrating in the case of the non-potential
external flow over the surface of an arbitrary shape.

To solve the problem of the surface flow-around
with account for the heat exchange, the joint solution
of the obtained momentum equations and integral
relation of energy of the temperature spatial boundary
layer written in the natural curvilinear system of
coordinates [5].

The resulting equations represent the parabolic
type equations and require the  finite-difference
schemes application to solve them. To verify the
obtained results, numerical studies of equations for the
radial sector were performed.

Theoretical and experimental studies of the flow
were performed in the radial sector (without
accounting for the heat exchange) in the range of radii
of Rmax = 0.169 m and Rmin = 0.031 m, at the flow

angle of rotation from 0 to 90°. The flow velocity at
the maximum radius varied within 5 ... 50 m/s, which
corresponded to a change in the Reynolds number of
ReU = 5.6·104...5.6·105.

Computational results are in satisfactory agreement
with the results of these current lines visualization for
the flow in the rectangular channel with cylindrical
side walls along the circumferential guides.

Keywords: dynamic boundary layer, momentum
equations, inter-blade channel, air-gas channel of the
turbo-pump unit, gas turbine.
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