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Abstract

Spacecraft, as a rule, have outboard structures of low rigidity, such as solar panels. When simulating a
dynamic model of elastic spacecraft and selecting control system settings, it is necessary to set up a system
of equations of motion, as well as determine its coefficients characterizing both elastic (eigenforms, oscillation
frequencies and inertial coupling coefficients) and dissipative (logarithmic decrements and damping
coefficients) properties of the structure. As the result of frequency tests, the dynamic characteristics of the
solar panel were obtained, namely the spectrum of natural frequencies, shapes, decrements, as well as the
dependence of frequencies and decrements on the amplitude of the panel oscillations. It should be noted
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that with the amplitude changes, the spread of the decrements values of the oscillations might be rather
significant. It is stipulated by the fact that at small oscillation amplitudes, energy dissipation is mainly
determined by internal friction in the material and structural damping, which is characterized by friction
in kinematic pairs, as well as in splined, threaded, etc. joints. While loading, small slippages in such joints
occur over the contact surfaces, which may lead to drastic energy dissipation increase, and does not meet
the flight conditions in outer space. Besides, the weight-killing tether system, which introduced extra stiffness,
weight and damping, was employed while these tests for the docking nodes with gaps offloading. The system
with vibrators makes as well its contribution through the attached masses of coils and their attachment points.

The elastic and dissipative characteristics refinement of solar battery wing of the “Spectrum” type
spacecraft based on frequency tests results of the panels and analytical studies with account for the weight-
killing system impact was performed. The solar battery wing herewith, consisted of four panels, was the object
of the studies.

The results of frequency tests of the wing of the solar battery of the “Spectrum” type spacecraft were
analyzed. The obtained results demonstrate that the oscillations are of nonlinear character. The presence
of backlashes in the drive are stipulated by the dependence of natural frequencies and decrements of oscillations
on the oscillations amplitude. This is also the reason for the oscillations forms deviation from the obtained
calculations.

The modal parameters of the solar battery wing of the spacecraft were identified based on the results of
the frequency tests with account for the weight-killing system impact. A good agreement herewith between
the calculated and experimental characteristics with the offloading system was obtained, which allows feasible
selection of the dynamic model parameters values of “Spectrum” type spacecraft.

Keywords: long-length structure, weightlessness system, unloading system
For citation: Ermakov V.Y. Experimental-Mathematical Modeling of a Long-Length Structure Based

on the Frequency Tests Results. Aerospace MAI Journal, 2022, vol. 29, no. 3, pp. 29-40. DOI: 10.34759/
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Ââåäåíèå

Êîñìè÷åñêèå àïïàðàòû (ÊÀ), êàê ïðàâèëî,
èìåþò âûíîñíûå êîíñòðóêöèè ìàëîé æåñòêîñòè,
òàêèå êàê ïàíåëè ñîëíå÷íûõ áàòàðåé (ÑÁ), øòàí-
ãè ìàãíèòîìåòðîâ, ïàíåëè ñèñòåìû òåðìîðåãóëè-
ðîâàíèÿ è äð. Ïðè ìîäåëèðîâàíèè äèíàìè÷åñêîé
ìîäåëè óïðóãîãî ÊÀ è âûáîðå íàñòðîåê ñèñòåìû
óïðàâëåíèÿ íåîáõîäèìî ñîñòàâèòü ñèñòåìó óðàâ-
íåíèé äâèæåíèÿ, à òàêæå îïðåäåëèòü åå êîýôôè-
öèåíòû, õàðàêòåðèçóþùèå óïðóãèå (ñîáñòâåííûå
ôîðìû, ÷àñòîòû êîëåáàíèé è êîýôôèöèåíòû
èíåðöèîííûõ ñâÿçåé) è äèññèïàòèâíûå (ëîãàðèô-
ìè÷åñêèå äåêðåìåíòû, êîýôôèöèåíòû äåìïôè-
ðîâàíèÿ) ñâîéñòâà êîíñòðóêöèè. Äëÿ ïðîñòûõ
êîíñòðóêöèé, ïîâåäåíèå êîòîðûõ îïèñûâàåòñÿ
ëèíåéíîé òåîðèåé, ýòè êîýôôèöèåíòû ñ âûñîêîé
ñòåïåíüþ òî÷íîñòè ìîãóò áûòü ïîëó÷åíû ðàñ÷åò-
íûì ïóòåì. Îäíàêî äëÿ êîíñòðóêöèé, èìåþùèõ
ñëîæíûå ãåîìåòðè÷åñêèå ôîðìû è ìíîãî÷èñëåí-
íûå ñîïðÿæåíèÿ äåòàëåé, çíà÷åíèÿ êîýôôèöèåí-
òîâ, ïîëó÷åííûå ðàñ÷åòíûì ïóòåì, ìîãóò â ðàçû
îòëè÷àòüñÿ îò ðåàëüíûõ. Òàêîå îòëè÷èå îáóñëîâ-
ëåíî íåëèíåéíûì õàðàêòåðîì ïîâåäåíèÿ óçëîâ
ñîåäèíåíèé ôðàãìåíòîâ êîíñòðóêöèè, êîòîðîå

ìîæíî âûÿâèòü òîëüêî ýêñïåðèìåíòàëüíûì ïó-
òåì. Òèïè÷íûì ïðèìåðîì ñëîæíîé êîíñòðóêöèè
ÿâëÿåòñÿ ïàíåëü ÑÁ ÊÀ òèïà «Ñïåêòð», ïðîøåä-
øàÿ ÷àñòîòíûå èñïûòàíèÿ. Â ðåçóëüòàòå ïðîâå-
äåííûõ èñïûòàíèé áûëè ïîëó÷åíû äèíàìè÷åñêèå
õàðàêòåðèñòèêè ïàíåëè ÑÁ – ñïåêòð ñîáñòâåííûõ
÷àñòîò, ôîðì, äåêðåìåíòîâ, à òàêæå çàâèñèìîñòü
÷àñòîò è äåêðåìåíòîâ îò àìïëèòóäû êîëåáàíèé
ïàíåëè.

Ñëåäóåò îòìåòèòü, ÷òî ïðè èçìåíåíèè àìïëè-
òóäû ðàçáðîñ çíà÷åíèé äåêðåìåíòîâ êîëåáàíèé
ìîæåò áûòü âåñüìà ñóùåñòâåííûì. Ýòî îáóñëîâ-
ëåíî òåì, ÷òî ïðè ìàëûõ àìïëèòóäàõ êîëåáàíèé
ðàññåÿíèå ýíåðãèè â îñíîâíîì îïðåäåëÿåòñÿ
âíóòðåííèì òðåíèåì â ìàòåðèàëå è â ýòîì ñëó-
÷àå êîýôôèöèåíòû äåìïôèðîâàíèÿ ìîãóò áûòü
î÷åíü ìàëåíüêèìè. Âîçðàñòàíèå àìïëèòóäû êî-
ëåáàíèé âåäåò ê óâåëè÷åíèþ îòíîñèòåëüíûõ ñìå-
ùåíèé ýëåìåíòîâ êîíñòðóêöèè è, ñëåäîâàòåëüíî,
ê óâåëè÷åíèþ êîíñòðóêöèîííîãî äåìïôèðîâà-
íèÿ, êîòîðîå õàðàêòåðèçóåòñÿ òðåíèåì â êèíåìà-
òè÷åñêèõ ïàðàõ, à òàêæå â ñîåäèíåíèÿõ òèïà
øëèöåâûõ, ðåçüáîâûõ è ò.ï. Ïðè íàãðóæåíèè â
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òàêèõ ñîåäèíåíèÿõ âîçíèêàþò ìàëûå ïðîñêàëü-
çûâàíèÿ ïî êîíòàêòíûì ïîâåðõíîñòÿì, ÷òî ìî-
æåò ïðèâåñòè ê ñóùåñòâåííîìó óâåëè÷åíèþ äèñ-
ñèïàöèè ýíåðãèè. Îäíàêî ïðîâåäåííûå èñïûòà-
íèÿ íå ìîãëè â ïîëíîé ìåðå îáåñïå÷èòü ïîëó÷å-
íèå äèíàìè÷åñêèõ õàðàêòåðèñòèê ïàíåëè ÑÁ,
ñîîòâåòñòâóþùèõ óñëîâèÿì ïîëåòà â êîñìè÷åñ-
êîì ïðîñòðàíñòâå. Êðîìå òîãî, ïðè èñïûòàíèÿõ
äëÿ ðàçãðóçêè ñòûêîâî÷íûõ óçëîâ, èìåþùèõ çà-
çîðû, èñïîëüçîâàëàñü òðîñîâàÿ ñèñòåìà îáåçâå-
øèâàíèÿ, êîòîðàÿ âíîñèò äîïîëíèòåëüíóþ æåñ-
òêîñòü, ìàññó è äåìïôèðîâàíèå â ñèñòåìó «êîí-
ñòðóêöèÿ + ñèñòåìà îáåçâåøèâàíèÿ». Ñâîé âêëàä
âíîñèò è ñèñòåìà ñ âèáðàòîðàìè, çà ñ÷åò ïðèñî-
åäèíåííûõ ìàññ êàòóøåê è óçëîâ èõ êðåïëåíèÿ.

Ïðîâåäåíèå èñïûòàíèé
è àíàëèòè÷åñêèå èññëåäîâàíèÿ

Öåëü äàííîé ðàáîòû – óòî÷íåíèå óïðóãèõ è
äèññèïàòèâíûõ õàðàêòåðèñòèê êîíñòðóêöèè êðû-
ëà ÑÁ ÊÀ òèïà «Ñïåêòð» íà îñíîâå ðåçóëüòàòîâ
÷àñòîòíûõ èñïûòàíèé ïàíåëåé è àíàëèòè÷åñêèõ
èññëåäîâàíèé ñ ó÷åòîì âëèÿíèÿ ñèñòåìû îáåçâå-
øèâàíèÿ, ïðè ýòîì îáúåêòîì èññëåäîâàíèé ÿâ-
ëÿëîñü êðûëî ÑÁ, ñîñòîÿùåå èç ÷åòûðåõ ïàíåëåé.
Íà ðèñ. 1 ïðèâåäåíà ôîòîãðàôèÿ ïàíåëåé â ðàç-
âåðíóòîì ïîëîæåíèè. Ïàíåëè èñïûòûâàëèñü ñî-
âìåñòíî ñ ïðèâîäîì èõ âðàùåíèÿ, ê êîòîðîìó
îíè êðåïèëèñü ñâîèì êîðíåì. Ôîòîãðàôèÿ êîð-
íåâîé ÷àñòè ïàíåëåé ïîêàçàíà íà ðèñ. 2.

Èñïûòàíèÿ ïàíåëåé ïðîâîäèëèñü íà äâóõ
ñòåíäàõ. Ñõåìà ïåðâîãî ñòåíäà äëÿ îïðåäåëåíèÿ
ïåðâûõ òîíîâ èçãèáíûõ êîëåáàíèé îòíîñèòåëü-
íî ãîðèçîíòàëüíîé ïëîñêîñòè ïîêàçàíà íà ðèñ. 3.
Äëÿ îïðåäåëåíèÿ èçãèáíûõ êîëåáàíèÿ îòíîñè-
òåëüíî âåðòèêàëüíîé ïëîñêîñòè ïàíåëè è êðó-
òèëüíûõ êîëåáàíèé èñïîëüçîâàëñÿ ñòåíä, ïîêà-
çàííûé íà ðèñ. 4.

Â õîäå èñïûòàíèé áûëè îïðåäåëåíû äèíàìè-
÷åñêèå õàðàêòåðèñòèêè (ñîáñòâåííûå ÷àñòîòû,
ñîáñòâåííûå ôîðìû è äåêðåìåíòû êîëåáàíèé)
ïàíåëè ÑÁ äëÿ ïåðâûõ òîíîâ êîëåáàíèé. Äèàïà-
çîí àìïëèòóä êîëåáàíèé õàðàêòåðíûõ òî÷åê ïà-
íåëè íå ïðåâûøàë 0,1 ì.

Ó÷åò ñèñòåìû îáåçâåøèâàíèÿ ïðîâîäèëñÿ ñ
èñïîëüçîâàíèåì ýêñïåðèìåíòàëüíîé îòðàáîòêè è
àíàëèòè÷åñêèõ ìåòîäîâ. Îïèñûâàåìûé íèæå àíà-
ëèòè÷åñêèé ìåòîä ïîçâîëÿåò îïðåäåëÿòü âëèÿíèå
íà êîíñòðóêöèþ ñèë, äåéñòâóþùèõ ñî ñòîðîíû
ýêñïåðèìåíòàëüíîé îñíàñòêè, íåçàâèñèìî îò
ñõåìû èñïûòàíèé, åñëè òîëüêî èçâåñòíû çíà÷å-
íèÿ ýòèõ ñèë. Îñîáåííî ïîëåçíûì ýòîò ìåòîä ÿâ-
ëÿåòñÿ ïðè îïðåäåëåíèè ïàðöèàëüíûõ äèíàìè-
÷åñêèõ õàðàêòåðèñòèê ÊÀ îòäåëüíûõ êîíñîëüíî-
çàêðåïëåííûõ èëè óïðóãî-îïåðòûõ ýëåìåíòîâ
êîíñòðóêöèè ÊÀ, îáåçâåøèâàåìûõ ñ ïîìîùüþ
ðàçëè÷íîãî ðîäà ñèñòåì ðàçãðóçêè, ïóòåì ÷àñòîò-
íûõ èñïûòàíèé. Òàêèìè â íàøåì ñëó÷àå áóäóò
ïàíåëè ÑÁ ÊÀ òèïà «Ñïåêòð».

Ðàññìîòðèì êîëåáàíèÿ êîíñòðóêöèè, â n òî÷-
êàõ êîòîðîé ïðèëîæåíû èíåðöèîííûå, óïðóãèå

Ðèñ. 1. Êðûëî ñîëíå÷íîé áàòàðåè ïðè ÷àñòîòíûõ èñïûòàíèÿõ
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Ðèñ. 2. Êðåïëåíèå ïðèâîäà ñîëíå÷íîé áàòàðåè

Ðèñ. 3. Ñòåíä äëÿ îïðåäåëåíèÿ ïåðâûõ òîíîâ èçãèáíûõ êîëåáàíèÿ îòíîñèòåëüíî ãîðèçîíòàëüíîé ïëîñêîñòè
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è äèññèïàòèâíûå ñèëû, îáóñëîâëåííûå âëèÿíè-
åì ýêñïåðèìåíòàëüíîé îñíàñòêè. Ñâîáîäíûå êî-
ëåáàíèÿ êîíñòðóêöèè îïèñûâàþòñÿ óðàâíåíèåì

0,Mq Hq Kq+ + =                     (1)

ãäå Ì, Ê – äèàãîíàëüíûå ìàòðèöû èíåðöèè è
óïðóãîñòè ñîîòâåòñòâåííî; Í — â îáùåì ñëó÷àå
ïîëíîñòüþ çàïîëíåííàÿ ìàòðèöà êîýôôèöèåíòîâ
äåìïôèðîâàíèÿ; q — ìàòðèöà-ñòîëáåö ãëàâíûõ
êîîðäèíàò. Ýëåìåíòû ìàòðèö, âêëþ÷àþùèå
îáîáùåííûå ìàññû mk, îáîáùåííûå æåñòêîñòè

2
k k kk m p=  (pk — ñîáñòâåííàÿ ÷àñòîòà k-ãî òîíà

êîëåáàíèé) è îáîáùåííûå êîýôôèöèåíòû äåì-
ïôèðîâàíèÿ hik (i = 1, 2,...,m), îïðåäåëÿþòñÿ ýê-
ñïåðèìåíòàëüíûì ïóòåì.

Òðåáóåòñÿ ïîñòðîèòü ëèíåéíóþ äèñêðåòíóþ
ìîäåëü, ñîäåðæàùóþ ìàññû, ïðóæèíû è ýëåìåí-
òû ñ êîíñòðóêöèîííûì äåìïôèðîâàíèåì, êîòî-
ðàÿ áûëà áû ýêâèâàëåíòíà êîíñòðóêöèè ïî ñîá-
ñòâåííûì ÷àñòîòàì êîëåáàíèé, êîýôôèöèåíòàì
äåìïôèðîâàíèÿ è ôîðìàì êîëåáàíèé â n âûáðàí-
íûõ òî÷êàõ ïðè m èçìåðåííûõ òîíàõ.

Óðàâíåíèå êîëåáàíèé äèñêðåòíîé ìîäåëè,
âûðàæåííîå ÷åðåç åå ôèçè÷åñêèå ïàðàìåòðû,
çàïèøåì â âèäå

Ñ 0,Ax Bx x+ + =                      (2)

ãäå À — äèàãîíàëüíàÿ ìàòðèöà äèñêðåòíûõ ìàññ;
Â, Ñ — ïîëíîñòüþ çàïîëíåííûå ìàòðèöû êîýô-
ôèöèåíòîâ äåìïôèðîâàíèÿ è æåñòêîñòåé ïðó-
æèí; õ — ìàòðèöà-ñòîëáåö ïåðåìåùåíèé ìàññ.
×èñëî ñòåïåíåé ñâîáîäû ìîäåëè îïðåäåëÿåòñÿ
÷èñëîì òî÷åê êîíñòðóêöèè, â êîòîðûõ ïðèëîæå-
íû ñèëû, äåéñòâóþùèå íà êîíñòðóêöèþ ñî ñòî-
ðîíû ýêñïåðèìåíòàëüíîé îñíàñòêè, âêëþ÷àþùåé
ñèñòåìó îáåçâåøèâàíèÿ, à òàêæå ñðåäñòâà âîçáóæ-
äåíèÿ è èçìåðåíèÿ êîëåáàíèé.

Åñëè îáîçíà÷èòü ÷åðåç jkΨ  çíà÷åíèå ñîá-

ñòâåííîé ôîðìû j-ãî òîíà êîëåáàíèé, ñîîòâåòñòâó-
þùåå ïåðåìåùåíèþ k-é ìàññû, òî äîëæíû âûïîë-
íÿòüñÿ ñëåäóþùèå óñëîâèÿ îðòîãîíàëüíîñòè:

, ;
  

0, ,

i
i i

m i j

i j
Ψ ΑΨ

=ÏÔ=¢ Ì
πÔÓ

                      (3)

ãäå ( )
1

2
1 2; , , .

j

j
i i i i in

jn

Ψ

Ψ
Ψ Ψ Ψ Ψ Ψ

Ψ

Ê ˆ
Á ˜
Á ˜= = º¢Á ˜
Á ˜Á ˜Ë ¯

Ðèñ. 4. Ñòåíä äëÿ îïðåäåëåíèÿ òîíîâ èçãèáíûõ êîëåáàíèÿ îòíîñèòåëüíî âåðòèêàëüíîé ïëîñêîñòè
è êðóòèëüíûõ êîëåáàíèé ïàíåëè
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Çàäàâ â êà÷åñòâå ôîðì jΨ  è îáîáùåííûõ

ìàññ mi ñîáñòâåííûå ôîðìû è îáîáùåííûå ìàññû
êîíñòðóêöèè, îïðåäåëÿåìûå ýêñïåðèìåíòàëüíûì
ïóòåì, áóäåì èìåòü íà îñíîâàíèè ñîîòíîøåíèé
(3) N * = m(m+1)/2 ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé äëÿ îïðåäåëåíèÿ n íåèçâåñòíûõ äèñ-
êðåòíûõ ìàññ ìîäåëè. Âûáðàâ ÷èñëî òî÷åê íà

êîíñòðóêöèè òàê, ÷òîáû n ≥ N *, èç óðàâíåíèé (3)
íàéäåì èñêîìûå çíà÷åíèÿ äèñêðåòíûõ ìàññ, ò.å.
îïðåäåëèì ìàòðèöó À.

Ìàòðèöû æåñòêîñòåé Ñ è êîýôôèöèåíòîâ
äåìïôèðîâàíèÿ Â âû÷èñëèì ïî ñîîòíîøåíèÿì

1 1 1 1( ) ; ( ) ,Ñ K B HΨ Ψ Ψ Ψ- - - -= =¢ ¢       (4)

ãäå êâàäðàòíàÿ ìàòðèöà ëèíåéíîãî ïðåîáðàçîâà-

íèÿ Ψ  èìååò â êà÷åñòâå ñòîëáöîâ ñîáñòâåííûå

ôîðìû êîëåáàíèé äèñêðåòíîé ìîäåëè jΨ  (j =

= 1,2,..., n), ñîâïàäàþùèå â n òî÷êàõ ñ m ñîáñòâåí-
íûìè ôîðìàìè êîëåáàíèé, îïðåäåëÿåìûìè ýê-
ñïåðèìåíòàëüíî, à êâàäðàòíûå ìàòðèöû Ê è Í
èìåþò ïîðÿäîê n > m. Íåèçâåñòíûå ôîðìû êî-

ëåáàíèé jΨ  (j = m+1, m+2,..., n), âõîäÿùèå â ìàò-

ðèöó Ψ , ìîæíî îïðåäåëèòü èç óñëîâèé îðòîãî-
íàëüíîñòè (3) ïðè i ≠ j, îòêóäà ïîëó÷èì

( )1 / 2 / 2(P n n m m l= - - -  óðàâíåíèé äëÿ íàõîæ-

äåíèÿ ( )Q n n m= -  çíà÷åíèé ôîðì jΨ .

Ïðè ýòîì çíà÷åíèÿ

( )( ) / 2Q P n m n m l- = - - +

íåèçâåñòíûõ çàäàþòñÿ ïðîèçâîëüíî. Íåèçâåñòíûå
çíà÷åíèÿ îáîáùåííûõ ìàññ

 1,( ),2,...,jm j m m n= + +

âõîäÿùèõ â âûðàæåíèÿ äëÿ âû÷èñëåíèÿ æåñòêî-

ñòåé â ìàòðèöå Ê ( )2 ,j j jk m P=  îïðåäåëÿþòñÿ èç

ñîîòíîøåíèé (3) ïðè i = j ïî íàéäåííûì çíà÷å-
íèÿì äèñêðåòíûõ ìàññ è ñîáñòâåííûõ ôîðì.

Çíà÷åíèÿ ñîáñòâåííûõ ÷àñòîò

1, 2,...,( )jð j m m n= + +

è ýëåìåíòîâ ìàòðèöû êîýôôèöèåíòîâ äåìïôè-
ðîâàíèÿ

, ( )1, 2, ,ijh i j m m n= - + º

ïðè îòñóòñòâèè ýêñïåðèìåíòàëüíûõ äàííûõ çà-
äàþòñÿ ïðîèçâîëüíî.

Òàêèì îáðàçîì, ïîñòðîåíà äèñêðåòíàÿ ìîäåëü
èñõîäíîé ñèñòåìû, îïèñûâàåìàÿ ìàòðè÷íûì
óðàâíåíèåì (2), âêëþ÷àþùèì äèàãîíàëüíóþ ìàò-
ðèöó ìàññ À è ìàòðèöû (4). Ïîñëåäíèå ìîæíî çà-
ïèñàòü â ñëåäóþùåì âèäå:

2 22

1 , 1

; ;
n n

i i i ik ik
i i k

Ñ m p D B h DΨ Ψ- -* *

= =
= =Â Â

; ( , 1,2,..., ),i ij il ik ij klD D j l nϕ ϕ ϕ ϕ* *= = =

ãäå ikϕ  — àëãåáðàè÷åñêîå äîïîëíåíèå ýëåìåíòà

klϕ  ìàòðèöû Ψ .

Ïîñòðîåííàÿ ìîäåëü ýêâèâàëåíòíà èñõîäíîé
ñèñòåìå ïî ñîáñòâåííûì ÷àñòîòàì, ôîðìàì êî-
ëåáàíèé è êîýôôèöèåíòàì äåìïôèðîâàíèÿ m èõ
òîíîâ. Èñïîëüçóåì ýòó ìîäåëü äëÿ ó÷åòà ïðèñî-
åäèíåííûõ ñî ñòîðîíû ýêñïåðèìåíòàëüíîé îñíà-

ñòêè ìàññ iMΔ  æåñòêîñòåé iCΔ  è äèññèïàòèâíûõ

ñèë, õàðàêòåðèçóþùèõñÿ êîýôôèöèåíòàìè ibΔ

(i = 1,2,..., N). Ñâîáîäíûå êîëåáàíèÿ äèñêðåòíîé
ìîäåëè ñ èçìåíåííûìè ïàðàìåòðàìè îïèñûâàþò-
ñÿ óðàâíåíèåì

( ) ( ) ( ) 0,A A x B B x Ñ C xΔ Δ Δ- + - + - =      (5)

îòëè÷àþùèìñÿ îò óðàâíåíèÿ (2) ýëåìåíòàìè
ìàòðèö, ñòîÿùèõ íà äèàãîíàëè. Èñïîëüçóÿ ëè-

íåéíîå ïðåîáðàçîâàíèå ,x qΨ=  ïðèäåì ê ñëåäó-

þùåìó óðàâíåíèþ:

( ) ( ) ( ) 0.M M x H H x K K xΔ Δ Δ- + - + - =   (6)

Ìàòðèöû , ,M H KΔ Δ Δ  îïðåäåëÿþòñÿ èç ñî-

îòíîøåíèé

1

1

1

;

;

,

N

i i
i

N

i i
i

N

i i
i

M M D

H b D

K C D

Δ Δ

Δ Δ

Δ Δ

=

=

=

=

=

=

Â

Â

Â
                    

(7)

ãäå ( , 1,2,..., ).i ji kiD j k nΨ Ψ= =

Ìàòðèöû Ì, Í è Ê â óðàâíåíèè (6), â îòëè-
÷èå îò óðàâíåíèÿ (1), èìåþò ïîðÿäîê n > m. Îä-
íàêî, êàê ïîêàçûâàþò ðåçóëüòàòû àíàëèçà, äëÿ
ïðàêòè÷åñêèõ öåëåé äîñòàòî÷íî îãðàíè÷èòüñÿ
ðàññìîòðåíèåì ìàòðèö m-ãî ïîðÿäêà, ïîëîæèâ â
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ñîîòíîøåíèÿõ (7) òàêæå n = m. Ñîãëàñíî óðàâíå-
íèþ (6) ñîáñòâåííûå ÷àñòîòû êîëåáàíèé èñêîìîé
êîíñòðóêöèè âû÷èñëÿþòñÿ ñ ïîìîùüþ õàðàêòå-
ðèñòè÷åñêîãî óðàâíåíèÿ

2( ) 0.K K p M MΔ Δ- - - =           (8)

Çíà÷åíèå èñêîìîé ôîðìû k-ãî òîíà êîëåáà-
íèé â i-é òî÷êå êîíñòðóêöèè áåç âëèÿíèÿ íà íåå
ýêñïåðèìåíòàëüíîé îñíàñòêè íàõîäèòñÿ èç ñîîò-
íîøåíèÿ  

0

1

,
m

ik ij jk
j

X qΨ
=

= Â

ãäå 0
jkq  (j, k = l, 2,..., m) — ýëåìåíòû ñîáñòâåí-

íûõ âåêòîðîâ 0
kq , îïðåäåëÿåìûõ èç ñèñòåìû îä-

íîðîäíûõ óðàâíåíèé

2 0( ) 0.kK K p M M qΔ ΔÈ ˘- - - =Î ˚        (9)

Õàðàêòåðíîé îñîáåííîñòüþ óðàâíåíèé (8), (9)
ÿâëÿåòñÿ òî, ÷òî îïðåäåëÿåìûå èç íèõ ñîáñòâåí-
íûå ÷àñòîòû è ôîðìû êîëåáàíèé êîíñòðóêöèè
íåïîñðåäñòâåííî íå çàâèñÿò îò ïàðàìåòðîâ äèñ-
êðåòíîé ìîäåëè. Äëÿ èõ íàõîæäåíèÿ äîñòàòî÷íî
çíàòü ñîáñòâåííûå ÷àñòîòû m òîíîâ êîëåáàíèé
èñïûòûâàåìîé êîíñòðóêöèè, îáîáùåííûå ìàññû
è çíà÷åíèÿ ñîáñòâåííûõ ôîðì êîëåáàíèé â n
òî÷êàõ, â êîòîðûõ ó÷èòûâàþòñÿ ïðèñîåäèíåííûå
ìàññû è æåñòêîñòè, îáóñëîâëåííûå âëèÿíèåì
ýêñïåðèìåíòàëüíîé îñíàñòêè. Óðàâíåíèå (8)
ïîçâîëÿåò ïîëó÷èòü ïðîñòûå ïðèáëèæåííûå çà-
âèñèìîñòè äëÿ îöåíêè âëèÿíèÿ ýêñïåðèìåíòàëü-
íîé îñíàñòêè íà êîëåáàíèÿ êîíñòðóêöèè. Íàïðè-
ìåð, åñëè ïðè ðàññìîòðåíèè âçàèìîäåéñòâèÿ
êîíñòðóêöèè ñ ñèñòåìîé ðàçãðóçêè îãðàíè÷èòü-
ñÿ ó÷åòîì òîëüêî ïðèñîåäèíåííûõ æåñòêîñòåé, à
ïðèñîåäèíåííûìè ìàññàìè ïðåíåáðå÷ü, òî â ðàì-
êàõ îäíîñòåïåííîé ñèñòåìû íà îñíîâàíèè óðàâ-
íåíèÿ (8) ïîëó÷èì ñëåäóþùóþ ôîðìóëó äëÿ âû-
÷èñëåíèÿ ÷àñòîòû èññëåäóåìîãî òîíà êîëåáàíèé:

2 2 2

1

1
,

n

k k i ki
ik

p C
m

ω Δ Ψ
=

= - Â              (10)

ãäå pk, mk, kiΨ  — çíà÷åíèÿ ÷àñòîòû, îáîáùåííîé

ìàññû è ôîðìû êîëåáàíèé, îïðåäåëÿåìûå ýêñïå-
ðèìåíòàëüíûì ïóòåì; iÑΔ  — ïðèñîåäèíåííàÿ
æåñòêîñòü.

Ïðè ðàññìîòðåíèè äâóõ òîíîâ êîëåáàíèé
êîíñòðóêöèè èñêîìûå ñîáñòâåííûå ÷àñòîòû è
ôîðìû êîëåáàíèé íàõîäÿòñÿ íà îñíîâàíèè ðåøå-
íèÿ ñëåäóþùåãî áèêâàäðàòíîãî óðàâíåíèÿ:

2 2
1 1

1 22 1
1

1

2 2
2 2

2 1 21
2

1

( )

0.
( )

n

n i i i
i

i i
i

n

ni i i
i

i i
i

m p

C
C

m p

C
C

ω

Δ Ψ Ψ
Δ Ψ

ω

Δ Ψ Ψ
Δ Ψ

=

=

=

=

- -

-
-

=
- -

-
-

Â
Â

Â
Â

Ðåøåíèå çàäà÷è î ñîáñòâåííûõ çíà÷åíèÿõ
ïðèìåíèòåëüíî ê óðàâíåíèþ (6) ïîçâîëÿåò ïðå-
îáðàçîâàòü åãî ê íîðìàëüíîé ôîðìå. Äëÿ ýòîãî
èñïîëüçóåòñÿ óðàâíåíèå

,q rΦ=                         (11)

ãäå ìàòðèöà Ô â êà÷åñòâå ñòîëáöîâ èìååò ñîá-

ñòâåííûå âåêòîðû 0
kq , îïðåäåëÿåìûå èç (9).

Ïîäñòàâèâ âûðàæåíèå (11) â óðàâíåíèå (6) è
ïîìíîæèâ ýòî óðàâíåíèå ñëåâà íà ìàòðèöó Ô',
ïîëó÷èì

0,Mr Hr Kr+ + =                 (12)

ãäå

( ) ; ( ) ;

( ) .

M Ì Ì Í Í Í

Ê Ê Ê

Φ Δ Φ Φ Δ Φ

Φ Δ Φ

= - = -¢ ¢

= -¢

Óðàâíåíèå (12), êàê è èñõîäíîå óðàâíåíèå (1),

çàïèñàíî â ãëàâíûõ êîîðäèíàòàõ. Ìàòðèöû Ì  è

Ê  èìåþò äèàãîíàëüíûé âèä, ìàòðèöà Í  â îá-
ùåì ñëó÷àå ïîëíîñòüþ çàïîëíåííàÿ. Â îòëè÷èå
îò óðàâíåíèÿ (1) äàííîå óðàâíåíèå îïèñûâàåò êî-
ëåáàíèÿ èññëåäóåìîé êîíñòðóêöèè, ñâîáîäíîé îò
âëèÿíèÿ íà íåå ñèë, äåéñòâóþùèõ ñî ñòîðîíû ýê-
ñïåðèìåíòàëüíîé îñíàñòêè. Âëèÿíèå ïîäâåñà äëÿ
ðàññìàòðèâàåìûõ òîíîâ êîëåáàíèé êðûëà âûðà-
çèòñÿ ñëåäóþùèì îáðàçîì:

òð
òð

òð

,
M g

F À
L

=

ãäå Fòð – âîññòàíàâëèâàþùàÿ ñèëà, ïðèëîæåííàÿ
ê êðûëó îò âåñà ìàññû Ìòð, ðàçãðóæàåìîé òðîñîì
â òî÷êå i ; Lòð – äëèíà òðîñà ñèñòåìû ðàçãðóçêè.
Òîãäà æåñòêîñòü îò òðîñà â òî÷êå i ðàâíà
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i
i

i

M g
k

L
= , à îáîáùåííàÿ æåñòêîñòü îò òðîñà â

òî÷êå I, ïðèâåäåííàÿ ê òî÷êå íîðìèðîâêè, ñîîò-

âåòñòâóåò 2
i i iÑ kΔ η= , ïðè ýòîì ñóììàðíàÿ äîïîë-

íèòåëüíàÿ æåñòêîñòü îò âñåõ òðîñîâ, èñïîëüçî-
âàííûõ äëÿ êðûëà, îïðåäåëÿåòñÿ âûðàæåíèåì

1

,
n

i
i

C CΣΔ Δ
=

= Â

à ïðèâåäåííàÿ æåñòêîñòü êðûëà ñ ñèñòåìîé ðàç-
ãðóçêè îïðåäåëÿåòñÿ âûðàæåíèåì

2
ïð 1 1 ,zC m ω=

ãäå 2
1ω  — êâàäðàò ÷àñòîòû, ïîëó÷åííîé â ýêñïå-

ðèìåíòå. Òîãäà ïàí ïðC Ñ ÑΣΔ= -  — ïðèâåäåííàÿ

æåñòêîñòü êðûëà áåç ñèñòåìû ðàçãðóçêè.

Âû÷èñëÿÿ êâàäðàò ÷àñòîòû 2
1σ  ïåðâîãî òîíà

êðûëà ñ ó÷åòîì âëèÿíèÿ æåñòêîñòè ñèñòåìû ðàç-
ãðóçêè, ïîëó÷èì

2 2ïàí
1 1

1 1

.i
z z

Ñ C

m m

Δ
σ ω= = -

Äàëåå îïðåäåëÿåì âëèÿíèå äîáàâî÷íûõ ìàññ
ñèñòåìû ðàçãðóçêè, ãäå ñóììàðíàÿ ïðèâåäåííàÿ

ïðèñîåäèíåííàÿ ìàññà 2
1

1

,
n

z
i

i

m mΔ Δ η
=

=Â  à ÷àñòî-

òà êîëåáàíèé êðûëà ñ ó÷åòîì äîáàâî÷íûõ ìàññ
ñèñòåìû ðàçãðóçêè íàõîäèòñÿ èç âûðàæåíèÿ

2 2
1 1

1

1

1
.

1
z

z

p
m

m

σ
Δ

=

-

Äëÿ ïðîâåðêè ðåçóëüòàòîâ òåîðåòè÷åñêèõ ðàñ-
÷åòîâ ïðîâîäèëèñü ðàáîòû ïî îïðåäåëåíèþ íå-

Ðèñ. 5. Ñõåìà ñèñòåìû ðàçãðóçêè êðûëà ñîëíå÷íîé áàòàðåè
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îáõîäèìûõ õàðàêòåðèñòèê íà ñîáðàííîé ýêñïå-
ðèìåíòàëüíîé óñòàíîâêå.

Ïðè îöåíêå âëèÿíèÿ ñèñòåìû ðàçãðóçêè íà
õàðàêòåðèñòèêè îáúåêòà íåîáõîäèìî çíàòü ïðè-
âåäåííóþ ê òî÷êå ïîäñîåäèíåíèÿ îáúåêòà ìàññó
ïîäâèæíûõ ÷àñòåé ñèñòåìû ðàçãðóçêè, æåñòêîñòü
ñèñòåìû ðàçãðóçêè, êîýôôèöèåíò äåìïôèðîâà-
íèÿ, îáóñëîâëåííûé ðàññåÿíèåì ýíåðãèè â ñèñ-
òåìå.

Ñ öåëüþ îïðåäåëåíèÿ ýòèõ õàðàêòåðèñòèê è
áûëà ñîáðàíà ýêñïåðèìåíòàëüíàÿ óñòàíîâêà, ñõå-
ìà êîòîðîé ïîêàçàíà íà ðèñ. 5. Ñèñòåìà ðàçãðóç-
êè, âêëþ÷àþùàÿ ñòîéêó 1, ðàìó 2, øàðíèðîì 3
ñîåäèíåííóþ ñî ñòîéêîé 1, è ïðóæèíó Ñ1, óñòà-
íàâëèâàåòñÿ íà ñèëîâîì ïîëó. Íà ñèëîâîì ïîëó
çàêðåïëÿåòñÿ ðàìà 4. Ïðîèçâîäèòñÿ íàñòðîéêà
ñèñòåìû ðàçãðóçêè íà âåñ ãðóçà mãðg, ÷òîáû äî-
áèòüñÿ ñîñòîÿíèÿ áåçðàçëè÷íîãî ðàâíîâåñèÿ ïðè
îòêëîíåíèè ðàìû 2 îòíîñèòåëüíî øàðíèðà 3 â
âåðòèêàëüíîé ïëîñêîñòè.

Ìàññà ãðóçà mãð, íà êîòîðóþ íàñòðàèâàåòñÿ
ñèñòåìà ðàçãðóçêè, âêëþ÷àåò â ñåáÿ ìàññó îáåç-
âåøèâàåìîãî êðûëà, ìàññó òðîñîâ è óçëîâ èõ
êðåïëåíèÿ ê êðûëó è ê ñèñòåìå ðàçãðóçêè. Ïî-
ñêîëüêó æåñòêîñòü ñèñòåìû ðàçãðóçêè áëèçêà ê
íóëþ, òî îïðåäåëåíèå ïàðàìåòðîâ ñèñòåìû ðàç-
ãðóçêè çàòðóäíèòåëüíî áåç äîïîëíèòåëüíûõ ìå-
ðîïðèÿòèé.

Äëÿ ñîçäàíèÿ óñëîâèé, îáåñïå÷èâàþùèõ êî-
ëåáàíèÿ ñ ÷àñòîòàìè â äèàïàçîíå, ñîîòâåòñòâóþ-
ùåì ÷àñòîòàì êîëåáàíèé êðûëà, ìåæäó ðàìàìè
2 è 4 óñòàíàâëèâàåòñÿ äîïîëíèòåëüíàÿ ïðóæèíà
æåñòêîñòüþ Ñ2, çàêðåïëåííàÿ íà ïëå÷å l2. Äëÿ
óðàâíîâåøèâàíèÿ ðàìû 2, ê ãðóçó, íà êîòîðûé
íàñòðîåíà ñèñòåìà ðàçãðóçêè, íàâåøèâàåòñÿ äî-

ïîëíèòåëüíûé ãðóç ãð .m gΔ

Óðàâíåíèå êîëåáàíèé ðàìû 2 îòíîñèòåëüíî
øàðíèðà 3 èìååò âèä

( )
( )

2 2
ãð ãð 2 ïð 2

2 2 2 0,n

m m l J m l

h C l Cϕ

Δ Δ ϕ

ϕ ϕ

È ˘+ + + +Î ˚

+ + + =
         

(13)

ãäå ϕ  — óãîë ïîâîðîòà ðàìû 2; J2 – ìîìåíò èíåð-

öèè ïîäâèæíûõ ÷àñòåé ñèñòåìû ðàçãðóçêè;

ïðmΔ – ïðèñîåäèíåííàÿ ìàññà ïðóæèíû Ñ2, ó÷à-

ñòâóþùàÿ â êîëåáàíèÿõ; h2 – êîýôôèöèåíò ñî-
ïðîòèâëåíèÿ, îáóñëîâëåííûé ñèëàìè òðåíèÿ â

ñèñòåìå ðàçãðóçêè; 
nCϕ  – óãëîâàÿ æåñòêîñòü ñè-

ñòåìû ðàçãðóçêè.

Óðàâíåíèå (13) ìîæåò áûòü çàïèñàíî â ñëå-
äóþùåì âèäå:

2 0,ϕ ϕϕ β ϕ ω ϕ+ + =                   (14)

ãäå

( )
2

2 2
ãð ãð 2 ïð 2

;  
h

m m l J m l
ϕβ

Δ Δ
=
È ˘+ + +Î ˚

( )
( )

2 22

2 2
ãð ãð 2 ïð 2

.
nC l C

m m l J m l

ϕ
ϕω

Δ Δ

+
=
È ˘+ + +Î ˚

Çàäàâàÿ ñâîáîäíûå êîëåáàíèÿ ñèñòåìå ðàç-

ãðóçêè, íàõîäèì ϕω  è  / ,ϕ ϕ ϕβ δ ω π= ãäå ϕδ  – ëî-

ãàðèôìè÷åñêèé äåêðåìåíò êîëåáàíèé ñèñòåìû
ðàçãðóçêè. Ìåíÿÿ ïëå÷î l2 ïîäâåñà ïðóæèíû Ñ2,
èçìåíÿåì ÷àñòîòó êîëåáàíèé ñèñòåìû ðàçãðóçêè.
Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò íàéòè çíà÷å-

íèÿ J2, nCϕ  è h2. Äëÿ ýòîãî èñïîëüçóþò çàâèñè-

ìîñòè:

( ) ( )

( )

2 2 22 2
1 ãð ãð ïð 212 21 22

2 2 2 2 2
1 2 1 2

2 2 2
2 ãð ãð ïð 22

2 2
1 2

 

   
;

m m l m lC l l
J

m m l m l

ω Δ Δ

ω ω ω ω

ω Δ Δ

ω ω

È ˘+ ++ Î ˚= - -
- -

È ˘+ +Î ˚-
-

( )гр гр
2 2 2 2
1 ïð 2 2 2 21;пÑ m m l m l l C lϕ ω Δ ΔÈ ˘= + + + -Í ˙Î ˚   (15)

( )гр гр 2
1 2 2

2 ïð 2 .h m m l m l lϕδ ω
Δ Δ

π
È ˘= + + +Í ˙Î ˚

Â òàáëèöå ïðèâåäåíû äëÿ ñðàâíåíèÿ ÷àñòîòû
êîëåáàíèé êîíñòðóêöèè, ïîëó÷åííûå: à) íåïîñ-
ðåäñòâåííî ïðè èñïûòàíèÿõ; á) ñ ó÷åòîì âëèÿíèÿ
ñèñòåìû îáåçâåøèâàíèÿ; â) ïî ðåçóëüòàòàì ìî-
äåëèðîâàíèÿ.

Êàê âèäíî èç òàáëèöû, ïîãðåøíîñòü ðàçðàáî-
òàííîé ìîäåëè íå ïðåâûøàåò 8% ïî ñîáñòâåííûì
÷àñòîòàì è 15% ïî êîýôôèöèåíòàì æåñòêîñòè
(êâàäðàòàì êðóãîâûõ ÷àñòîò) ìîäåëè äëÿ èçãèá-
íûõ êîëåáàíèé è êîëåáàíèé êðó÷åíèÿ 1-ãî òîíà.
Äëÿ êîëåáàíèé êðó÷åíèÿ 2-ãî òîíà ðàñõîæäåíèÿ
ýêñïåðèìåíòàëüíûõ äàííûõ è íàøåé ìàòåìàòè-
÷åñêîé ìîäåëè ñëèøêîì âåëèêè, ÷òî âûçâàíî
íàëè÷èåì ëþôòîâ â ñîåäèíåíèÿõ.

Õîðîøåå ñîîòâåòñòâèå ìåæäó ðàñ÷åòíûìè è
ýêñïåðèìåíòàëüíî îïðåäåëåííûìè õàðàêòåðèñòè-
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¹  
òîíà 

Èñïûòàíèÿ 
Âëèÿíèÿ ñèñòåìû 

îáåçâåøèâàíèÿ  
Ìîäåëü 

Õàðàêòåðèñòèêà òîíà 

ω2, (ðàä/ñ)2 f, ñ-1 ω2, (ðàä/ñ)2 f, ñ-1 ω2, (ðàä/ñ)2 f, ñ-1 

1 0.86 0.148 0.74 0.137 0.71 0.134 
Òîí 1  

(â ãîðèçîíòàëüíîé ïëîñêîñòè) 

2 18.78 0.69 16.66 0.65 22.18 0.75 
Òîí 1  

(â âåðòèêàëüíîé ïëîñêîñòè) 

3 15.65 0.63 20.44 0.72 23.99 0.78 
Òîí 2  

(â ãîðèçîíòàëüíîé ïëîñêîñòè)  

4 27.17 0.83 23.99 0.78 22.78 0.76 Òîí 1 (êðó÷åíèÿ) 

5 98.45 1.58 103.50 1.62 205.02 2.28 Òîí 2 (êðó÷åíèÿ) 

6 122.16 1.76 157.75 2.00 165.74 2.05 
Òîí 3  

(â ãîðèçîíòàëüíîé ïëîñêîñòè)  

êàìè ñèñòåìû ðàçãðóçêè ïîçâîëÿåò îáîñíîâàííî
âûáðàòü çíà÷åíèÿ ïàðàìåòðîâ äèíàìè÷åñêîé
ìîäåëè ÊÀ òèïà «Ñïåêòð».

Âûâîäû

Ïðîàíàëèçèðîâàíû ðåçóëüòàòû ÷àñòîòíûõ
èñïûòàíèé êðûëà ñîëíå÷íîé áàòàðåè êîñìè÷åñ-
êîãî àïïàðàòà òèïà «Ñïåêòð», êîòîðûå ïîêàçû-
âàþò, ÷òî êîëåáàíèÿ íîñÿò íåëèíåéíûé õàðàêòåð.
Íàëè÷èåì ëþôòîâ â ïðèâîäå îáóñëîâëåíà çàâè-
ñèìîñòüþ ñîáñòâåííûõ ÷àñòîò è äåêðåìåíòîâ
êîëåáàíèé îò àìïëèòóäû êîëåáàíèé. Ýòèì æå
âûçâàíî îòêëîíåíèå ïîëó÷åííûõ â ýêñïåðèìåí-
òå ôîðì êîëåáàíèé îò ðàñ÷åòíûõ äàííûõ.

Èäåíòèôèöèðîâàíû ìîäàëüíûå ïàðàìåòðû
êðûëà ñîëíå÷íîé áàòàðåè êîñìè÷åñêîãî àïïàðàòà
ïî ðåçóëüòàòàì ÷àñòîòíûõ èñïûòàíèé ñ ó÷åòîì
âëèÿíèÿ ñèñòåìû îáåçâåøèâàíèÿ, ïðè ýòîì ïî-
ëó÷åíî õîðîøåå ñîîòâåòñòâèå ìåæäó äàííûìè
ðàñ÷åòîâ è äàííûìè ýêñïåðèìåíòîâ, ïîëó÷åííû-
ìè ñ èñïîëüçîâàíèåì ñèñòåìû ðàçãðóçêè, ÷òî ïî-
çâîëÿåò îáîñíîâàííî âûáðàòü çíà÷åíèÿ ïàðàìåò-
ðîâ äèíàìè÷åñêîé ìîäåëè êîñìè÷åñêîãî àïïàðàòà
òèïà «Ñïåêòð».
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