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Ïðåäñòàâëåíà ìàòåìàòè÷åñêàÿ ìîäåëü êèíåìàòèêè ñôåðè÷åñêîãî ìåõàíèçìà. Íà îñíîâå ïîëó÷åííîé ìîäåëè
ïðîèçâåäåíû ðàñ÷åòû ìîìåíòà èíåðöèè, óãëîâ, ïðèìåíÿþùèõñÿ ïðè ñîçäàíèè ìàòåìàòè÷åñêîé ìîäåëè, è îïðå-
äåëåí ìîìåíò ìãíîâåííîãî âðàùåíèÿ ìåõàíèçìà â ïðîãðàììå Maple. Òàêæå ïðîâåäåí ðàñ÷åò äâèæåíèÿ ñ ìîìåí-
òîì èíåðöèè ñàìîãî ìåõàíèçìà ñ çàäàííîé ìàññîé. Ðåçóëüòàòû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ñðàâíèâàþòñÿ ñ
ðåçóëüòàòàìè àíàëèçà 3D-ìîäåëè â ïðîãðàììå SolidWorks. Ïîñòðîåíû ãðàôèêè, îïèñûâàþùèå äâèæåíèå øàòóíà
(êàïñóëû òðåíàæåðà), è ïðîâåäåí ñðàâíèòåëüíûé àíàëèç äàííûõ, ïîëó÷åííûõ â ïðîãðàììàõ Maple 17 è SolidWorks.

Êëþ÷åâûå ñëîâà: ÷åòûðåõçâåííûé ñôåðè÷åñêèé ìåõàíèçì, ñôåðè÷åñêèé êðèâîøèïíî-êîðîìûñëîâûé ìåõàíèçì,
ìîìåíò ìãíîâåííîãî âðàùåíèÿ, ìîìåíò èíåðöèè øàòóíà.

Ââåäåíèå

Íà îñíîâå áàçîâîãî ÷åòûðåõçâåííîãî ñôåðè-
÷åñêîãî ìåõàíèçìà ñ îäíîé âðàùàòåëüíîé ïàðîé
ðàçðàáîòàí òðåíàæåð ñî ñëîæíûì ïðîñòðàíñòâåí-
íûì äâèæåíèåì êàïñóëû [1], ïðåäíàçíà÷åííûé
äëÿ ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé è îòðàáîò-
êè ýêñòðåííûõ ñèòóàöèé â ïîëåòå [2]. Øàðíèðíûå
óçëû (âðàùàòåëüíûå ïàðû) ñôåðè÷åñêîãî ìåõàíèç-
ìà âûïîëíåíû ñ ïîäøèïíèêàìè êà÷åíèÿ, êîòîðûå
íåðåäêî ñòàíîâÿòñÿ îáúåêòîì èçó÷åíèÿ â ïîñëå-
äíåå âðåìÿ [3, 4]. Ñ íàó÷íîé è ýêîíîìè÷åñêîé

òî÷êè çðåíèÿ áûëî áû ïîëåçíî ïðîâåñòè âñå ïîñ-
ëåäóþùèå ýêñïåðèìåíòû ïî áåcïèëîòíèêàì íà
òðåíàæåðå íîâîãî ïîêîëåíèÿ [5, 6]. Áëàãîäàðÿ
òîìó, ÷òî â òðåíàæåðå â ðîëè ðàáî÷åãî îðãàíà èñ-
ïîëüçóåòñÿ ñôåðè÷åñêèé ìåõàíèçì, âñå âîçìîæíûå
òðåíèÿ áóäóò ñâåäåíû ê ìèíèìóìó [7—10].

Â îñíîâó òðåíàæåðà ïîëîæåí ñôåðè÷åñêèé
êðèâîøèïíî-êîðîìûñëîâûé ìåõàíèçì ñ îäíîé
ñòåïåíüþ ñâîáîäû è îäíèì âåäóùèì çâåíîì. Ïðî-
ñòðàíñòâåííûé òðåíàæåð ïîëó÷åí èç ñôåðè÷åñêîãî
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ìåõàíèçìà ïóòåì çàêðåïëåíèÿ îäíîãî øàðíèðà â
êà÷åñòâå ñòîéêè (ðèñ. 1).

Ïîõîæèì ñïîñîáîì ðàçðàáàòûâàåòñÿ àëüòåðíà-
òèâíûé òðåíàæåð íà áàçå ìåõàíèçìà Áåííåòà [11—
14]. Îäíàêî ñôåðè÷åñêèé ìåõàíèçì óíèêàëåí, òàê
êàê èìååò öåíòðàëüíóþ òî÷êó ïåðåñå÷åíèÿ âñåõ
îñåé, áëàãîäàðÿ ÷åìó ìîæíî ïîäîáðàòü ëþáûå
êîìáèíàöèè ãåîìåòðèè çâåíüåâ è ñòðóêòóðû ìå-
õàíèçìà è äàæå ñîçäàòü íîâûå ïðîñòðàíñòâåííûå
ìåõàíèçìû îñîáîé ñòðóêòóðû [15—18]. Îäíîé èç
öåëåé èçó÷åíèÿ ñôåðè÷åñêèõ ìåõàíèçìîâ ÿâëÿåòñÿ
ñîçäàíèåì íîâûõ ìåõàòðîííûõ óñòðîéñòâ äëÿ
àâèàöèè è êîñìîíàâòèêè [19, 20].

Êèíåìàòè÷åñêèé àíàëèç
êðèâîøèïíî-êîðîìûñëîâîãî ìåõàíèçìà

Íà ðèñ. 2 ïðåäñòàâëåíû ñòðóêòóðíàÿ ñõåìà ÷å-
òûðåõçâåííîãî ìåõàíèçìà è åãî 3D-ìîäåëü, ãäå

1 — ñòîéêà, 2 – âåäóùèé êðèâîøèï, 3 – âåäîìûé
øàòóí, 4 – âåäîìûé êðèâîøèï. Ñôåðè÷åñêèé êðè-
âîøèïíî-êîðîìûñëîâûé ìåõàíèçì ABCD àíàëî-
ãè÷åí ñôåðè÷åñêîìó êðèâîøèïíî-øàòóííîìó ìå-
õàíèçìó è ÿâëÿåòñÿ ìåõàíèçìîì ñ îäíîé ñòåïåíüþ
ñâîáîäû [1]. 3D-ìîäåëü ìåõàíèçìà ñïðîåêòèðîâà-
íà ñ ó÷åòîì ãåîìåòðèè öåíòðàëüíûõ óãëîâ çâåíü-
åâ, îïðåäåëåííûõ äëÿ ñôåðè÷åñêîãî òðåíàæåðà. Â
äàííîì ñëó÷àå ïðîòèâîïîëîæíî ëåæàùèå çâåíüÿ
èìåþò îäèíàêîâûå óãëû ñêðåùèâàíèÿ øàðíèðîâ

1 3α α= = 90°, 2 4α α= = 75°.

Ðàñ÷åò êèíåìàòèêè ìåõàíèçìà íà÷èíàåì ââî-
äîì ïàðàìåòðîâ. Áîëåå ïîäðîáíàÿ ñòðóêòóðíàÿ
ñõåìà ìàòåìàòè÷åñêîé ìîäåëè ñ çàäàííûìè ïàðà-
ìåòðàìè èçîáðàæåíà íà ðèñ. 3.

Äëÿ ðàñ÷åòà ïåðåìåùåíèÿ ìåõàíèçìà çàêîí
äâèæåíèÿ âõîäíîãî çâåíà çàäàí â âèäå:

Ðèñ. 1. Ïðîñòðàíñòâåííûé ñôåðè÷åñêèé òðåíàæåð: à — 3D-ìîäåëü òðåíàæåðà; á — ñòðóêòóðíàÿ ñõåìà òðåíàæåðà
à) á)

Ðèñ. 2. Ñôåðè÷åñêîãî ìåõàíèçì: ñòðóêòóðíàÿ ñõåìà (à) è 3D-ìîäåëü (á)

à) á)



198 Âåñòíèê Ìîñêîâñêîãî àâèàöèîííîãî èíñòèòóòà. Ò.27. ¹2

Ìàøèíîâåäåíèå, ñèñòåìû ïðèâîäîâ è äåòàëè ìàøèí Machine science, drive systems and machinery

( )2 2 .tϕ ϕ=                      (1)

Óãîë  l  ìåæäó âåäóùèì êðèâîøèïîì 2 è ñòîé-
êîé 1:

( )1 2 1 2 2arccos cos cos sin sin cos .l α α α α ϕ= +   (2)

Óãîë γ  ìåæäó çâåíüÿìè 2 è 3 (âåäóùåãî êðè-

âîøèïà è âåäîìîãî êðèâîøèïà) ñôåðè÷åñêîãî ìå-
õàíèçìà:

1 2
1 2

2

4 3

3

cos cos cos
arccos

sin sin

cos cos cos
arccos .

sin sin

l

l

l

l

α α
γ γ γ

α

α α
α

Ê ˆ
= + = +Á ˜Ë ¯

Ê ˆ-
+ Á ˜Ë ¯

      
(3)

Ïåðåìåùåíèå âåäîìîãî øàòóíà 3:

3 2 2 2arccos( cos cos sin sin cos ).ϕ γ ϕ ϕ γ α= - +    (4)

Óãîë ψ  ìåæäó çâåíüÿìè 4 è 1 (âåäîìîãî êðè-

âîøèïà è ñòîéêè) ñôåðè÷åñêîãî ìåõàíèçìà:

2 1
1 2

1

3 4

4

cos cos cos
arccos

sin sin

cos cos cos
arccos .

sin sin

l

l

l

l

α α
ψ ψ ψ

α

α α
α

Ê ˆ-
= + = +Á ˜Ë ¯

Ê ˆ-
+ Á ˜Ë ¯

   
 (5)

Ïåðåìåùåíèå âåäîìîãî êðèâîøèïà 4:

4 180 .ϕ ψ= ∞ -                      (6)

Ïåðåìåùåíèå öåíòðàëüíîé òî÷êè S3 çâåíà 3 â
ïðîñòðàíñòâå îïðåäåëÿåòñÿ ôîðìóëàìè:

( )
3

3
3

2 2 2 3

arctg tan cos
2

arctan tan cos cos arctan(cos );

SU
α

ϕ

α α ϕ ϕ

Ê ˆÊ ˆ
= +Á ˜Á ˜Ë ¯Ë ¯

+ -
    

(7)

3

3
3arcsin sin sin ;

2SV
α

ϕ
Ê ˆÊ ˆ

= Á ˜Á ˜Ë ¯Ë ¯                (8)

( )
3 3 3

arccos cos cos .S s sL U V=              (9)

Ëèíåéíàÿ ñêîðîñòü öåíòðàëüíîé òî÷êè S3 çâå-
íà 3 íàõîäèòñÿ äèôôåðåíöèðîâàíèåì ïî âðåìåíè
ôîðìóë (7) è (8).

Ìîäóëü ñêîðîñòè öåíòðàëüíîé òî÷êè S3:

3 3 3

2 2 .S s sV U V= +                     (10)

Ëèíåéíîå óñêîðåíèå öåíòðàëüíîé òî÷êè S3
çâåíà 3 âû÷èñëÿåòñÿ ïîâòîðíûì äèôôåðåíöèðî-
âàíèåì ïî âðåìåíè âûðàæåíèé. Ìîäóëü óñêîðå-
íèÿ

3 3 3

2 2 .S s sa U V= +                   (11)

Ïåðåìåùåíèå øàðíèðà Ñ â ïðîñòðàíñòâå ðàñ-
ñ÷èòûâàåòñÿ ïî ôîðìóëàì:

( )1 4 4arctan tan cos ;CU α α ϕ= +           (12)

( )4 4arcsin sin sin ;CV α ϕ=               (13)

( )arccos cos cos .C C CL U V=              (14)

Ëèíåéíàÿ ñêîðîñòü òî÷êè Ñ îïðåäåëÿåòñÿ äèô-
ôåðåíöèðîâàíèåì ïî âðåìåíè ôîðìóë (12) è (13).

Ìîäóëü ñêîðîñòè òî÷êè Ñ :

2 2  .Ñ Ñ ÑV U V= +                     (15)

Ðèñ. 3. Ñòðóêòóðíàÿ ñõåìà ñôåðè÷åñêîãî ìåõàíèçìà
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Ëèíåéíîå óñêîðåíèå òî÷êè Ñ âû÷èñëÿåòñÿ ïî-
âòîðíûì äèôôåðåíöèðîâàíèåì âûðàæåíèé ïî
âðåìåíè (12) è (13).

Ìîäóëü óãëîâîãî óñêîðåíèÿ òî÷êè Ñ ðàññ÷è-
òûâàåòñÿ ïî ôîðìóëå:

2 2  .Ñ Ñ Ña U V= +                   (16)

Äëÿ óäîáñòâà ñðàâíåíèÿ ìàòåìàòè÷åñêîé è 3D-
ìîäåëè ÷àñòîòà âðàùåíèÿ çâåíà âåäóùåãî êðèâî-
øèïà 2 (îá/ìèí) âûðàæåíà ÷åðåç åãî óãëîâóþ ñêî-
ðîñòü (ðàä/ñ).

Äëÿ íàõîæäåíèÿ óãëîâûõ ñêîðîñòåé è óñêîðå-
íèé âåäîìîãî øàòóíà 3 è âåäîìîãî êðèâîøèïà 4
äèôôåðåíöèðóåì ðàâåíñòâà (4) è (6) ïî âðåìåíè

ñ ó÷åòîì çàäàííîãî çíà÷åíèÿ 2 ω :

3 32 2 ;uω ω=                       (17)

4 42 2.uω ω=                       (18)

Óãëîâîå óñêîðåíèå çâåíüåâ 3 è 4 íàõîäèì äèô-
ôåðåíöèðîâàíèåì ôîðìóë ïî âðåìåíè:

2
3 2 32 2 32;u uε ω ε= +¢                    (19)

2
2 42 2 424 ,u uε ω ε= +¢                    (20)

ãäå 32 42,u u¢ ¢  — àíàëîãè óãëîâûõ óñêîðåíèé; 2ε  —

óãëîâîå óñêîðåíèå âåäóùåãî çâåíà 2.

Àíàëèç ïîëó÷åííûõ ôîðìóë

Äëÿ àíàëèçà áûë âûáðàí îäèí ïîëíûé îáîðîò
(360°) âåäóùåãî êðèâîøèïà 2, èëè ïðîìåæóòîê
âðåìåíè, ðàâíûé 6,3 ñ. Àíàëèç ôîðìóëû (4) ïî-

êàçûâàåò, ÷òî ïðè 3α = 90° íà âðàùåíèå âåäîìî-

ãî øàòóíà 3 (óãîë 3ϕ ), ãäå áóäåò óñòàíîâëåíà êàï-

ñóëà, âëèÿåò óãîë ïîâîðîòà êðèâîøèïà 2α . Çà ïîë-

íûé îáîðîò âåäóùåãî êðèâîøèïà 2 ìàêñèìàëüíûé
ïèê ïåðåìåùåíèÿ øàòóíà äîñòèãàåòñÿ äâàæäû. Íà
ðèñ. 4 ïîêàçàíû ãðàôèê ïåðåìåùåíèÿ çâåíà 3 îò

âåäóùåãî çâåíà 2 è îòíîøåíèå óãëà 3ϕ  ê óãëó 2ϕ .

Ïðè ïîâîðîòå âåäóùåãî çâåíà 2 íà 360° âåäîìûé
øàòóí ìîæåò ïîâîðà÷èâàòüñÿ ìàêñèìàëüíî íà
145°.

Íà ðèñ. 5 ïðèâåäåíû ãðàôèêè óãëîâîé ñêîðî-
ñòè (à) è óãëîâîãî óñêîðåíèÿ (á) âåäîìîãî çâåíà

3 ïðè çàäàííîé óãëîâîé ñêîðîñòè 2 ω  çâåíà 2 çà

ïðîìåæóòîê âðåìåíè 6,3 ñ. Óãëîâàÿ ñêîðîñòü 3 ω

ðàññ÷èòàíà ïî ôîðìóëå (17). Íà ðèñóíêå õîðîøî
âèäíî, ÷òî ìàêñèìàëüíîå çíà÷åíèå óãëîâîé ñêî-
ðîñòè âåäîìîãî øàòóíà äîñòèãàåòñÿ íà òðåòüåé
ñåêóíäå âðàùåíèÿ è ïîëó÷àåòñÿ îòðèöàòåëüíîé.

Ðèñ. 4. Óãëîâîå ïåðåìåùåíèå çâåíà 3

Ðèñ. 5. Óãëîâàÿ ñêîðîñòü è óñêîðåíèå çâåíà 3

à) á)
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Ðèñ 5,á äåìîíñòðèðóåò äâà ìàêñèìàëüíûõ çíà÷å-
íèÿ óãëîâîãî óñêîðåíèÿ, íàéäåííûå ïî ôîðìóëå
(19), êîòîðûå çàâèñÿò îò âåäóùåãî êðèâîøèïà 2.
Ìàêñèìàëüíûé ñïàä óãëîâîãî óñêîðåíèÿ âåäîìîãî
øàòóíà íàáëþäàåòñÿ â ñåðåäèíå âðåìåíè, â äàí-
íîì ïîëîæåíèè ìåõàíèçì ïîëíîñòüþ ðàñêðûâà-
åòñÿ, è ñòàíîâèòñÿ î÷åâèäíî, ÷òî âåäîìûé øàòóí
(êàïñóëà) íå ïîëó÷àåò óñêîðåíèÿ îò âåäóùåãî êðè-
âîøèïà.

Àíàëèç ôîðìóëû (6) ïîêàçàí íà ðèñ. 6, èçîá-
ðàæàþùåì ãðàôèê óãëîâîãî ïåðåìåùåíèÿ âåäîìî-
ãî êðèâîøèïà 4 îò âåäóùåãî êðèâîøèïà 2. Ïóí-
êòèðíîé ëèíèåé ïîêàçàíà ìàòåìàòè÷åñêàÿ ìîäåëü,
ïîëó÷åííàÿ â ïðîãðàììå Maple, à ñïëîøíîé ëè-
íèåé — ðåçóëüòàò, ïîëó÷åííûé â ïðîãðàììå
SolidWorks. Ïðè ïîâîðîòå âåäóùåãî êðèâîøèïà 2
íà 360° âåäîìûé êðèâîøèï ìîæåò ïîâîðà÷èâàòü-
ñÿ ìàêñèìàëüíî íà 180°.

Íà ðèñ. 7 ïðåäñòàâëåíû ãðàôèêè óãëîâîé ñêî-
ðîñòè (à) è óãëîâîãî óñêîðåíèÿ (á) âåäîìîãî çâå-

íà 4. Ïóíêòèðíîé ëèíèåé âûäåëåíà ìàòåìàòè÷åñ-
êàÿ ìîäåëü, ïîëó÷åííàÿ â ïðîãðàììå Maple, à
ñïëîøíîé ëèíèåé ïîêàçàí ðåçóëüòàò â ïðîãðàì-
ìå SolidWorks. Íà ðèñ. 7,à ïðèâåäåí àíàëèç ôîð-
ìóëû (18) ( ðàñ÷åò óãëîâîé ñêîðîñòè âåäîìîãî êðè-
âîøèïà 4). Ìàêñèìàëüíîå çíà÷åíèå óãëîâîé ñêî-
ðîñòè äîñòèãàåòñÿ â ñåðåäèíå âðåìåíè. Íà ðèñ. 7,á
ïðèâåäåí àíàëèç ôîðìóëû (20) (ðàñ÷åò óãëîâîãî
óñêîðåíèÿ âåäîìîãî êðèâîøèïà 4). Â äàííîì ñëó-
÷àå èìååòñÿ äâà ìàêñèìàëüíûõ çíà÷åíèÿ óãëîâîé
ñêîðîñòè çâåíà 4.

Íà ðèñ. 8 ïîêàçàí àíàëèç ôîðìóëû (9) öåíò-
ðàëüíîé òî÷êè S3 øàòóíà 3. Ïðèâåäåí àíàëèç ïå-
ðåìåùåíèÿ øàòóíà 3 ïî âðåìåíè.

Íà ðèñ. 9, ïîêàçûâàþùåì àíàëèç ôîðìóë (10)
è (11), ïðåäñòàâëåíû ãðàôèêè ëèíåéíîé ñêîðîñ-
òè è óñêîðåíèÿ öåíòðàëüíîé òî÷êè S3 øàòóíà 3.

Ðèñ. 6. Óãëîâîå ïåðåìåùåíèå âåäîìîãî çâåíà 4

Ðèñ. 7. Óãëîâàÿ ñêîðîñòü (à) è óãëîâîå óñêîðåíèå (á) âåäîìîãî çâåíà 4
à) á)

Ðèñ. 8. Ëèíåéíîå ïåðåìåùåíèå öåíòðàëüíîé òî÷êè çâåíà 3
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Íà ðèñ. 10 èçîáðàæàåòñÿ ëèíåéíîå ïåðåìåùå-
íèå øàðíèðà Ñ (àíàëèç ôîðìóëû (14)). Êàê âèä-
íî íà ðèñóíêå, ìàêñèìàëüíûé óãîë ïîâîðîòà øàð-
íèðà Ñ ðàâåí 180°, êàê è ïðè óãëîâîì ïåðåìåùå-
íèè âåäîìîãî êðèâîøèïà 4.

Íà ðèñ. 11 ïîêàçàíà ëèíåéíàÿ ñêîðîñòü (à) è
óñêîðåíèå (á) òî÷êè Ñ. Äàííûå ãðàôèêè ïîëó÷å-
íû ìåòîäîì àíàëèçà ôîðìóë (15) è (16), ïîêàçû-
âàþùèõ ëèíåéíóþ ñêîðîñòü è óñêîðåíèå òî÷êè Ñ

ïðè çàäàííîì çíà÷åíèè 2 ω  çà îïðåäåëåííûé ïðî-

ìåæóòîê âðåìåíè 6,3 ñ â îäèí îáîðîò ìåõàíèçìà.
Ïî àíàëèçó ôîðìóë ìîæíî ñäåëàòü âûâîä, ÷òî
ïîêàçàòåëü óñêîðåíèÿ òî÷êè Ñ îò ñêîðîñòè âîçðà-
ñòàåò â òðè ðàçà.

Ðèñ. 9. Ëèíåéíàÿ ñêîðîñòü (à) è ëèíåéíîå óñêîðåíèå (á) öåíòðàëüíîé òî÷êè çâåíà 3

Ðèñ. 10. Ëèíåéíîå ïåðåìåùåíèÿ øàðíèðà Ñ

Ðèñ. 11. Ëèíåéíàÿ ñêîðîñòü (à) è óñêîðåíèå (á) øàðíèðà Ñ

à) á)
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Ìîìåíò èíåðöèè øàòóíà ìåõàíèçìà

Îïðåäåëèì èíåðöèþ çâåíà BC (øàòóíà) ÷åòû-
ðåõçâåííîãî ìåõàíèçìà:

0 è 0.XY XZ YZI I I= = =               (21)

Åñëè IXZ = IYZ = 0, òî Z – ãëàâíàÿ îñü èíåðöèè
òåëà, ò.å. ãëàâíàÿ (öåíòðàëüíàÿ) îñü èíåðöèè ïðî-
õîäèò ÷åðåç öåíòð ìàññ òåëà. Òàêèì îáðàçîì, èñ-
ïîëüçóÿ ñâîéñòâà ãëàâíûõ îñåé èíåðöèè, ìîæíî
ñôåðè÷åñêèé øàòóí, èìåþùèé îäíîðîäíóþ ôîðìó
è áîëüøóþ òîëùèíó, ðàññìîòðåòü îòíîñèòåëüíî
ãëàâíîé öåíòðàëüíîé îñè, êîòîðàÿ áóäåò ïðîõî-
äèòü ÷åðåç òî÷êó S3.

Öåíòðîáåæíûé ìîìåíò èíåðöèè îïðåäåëÿåò-
ñÿ ïî ôîðìóëå:

2 2 2
0cos cos ,cosX Y ZI I I IΔ α β γ= + +       (22)

ãäå 0cos , cos , cosα β γ  – íàïðàâëÿþùèå êîñèíóñû

òî÷êè P, ðàñïîëîæåííîé íà øàòóíå 3.
Ìîìåíòû èíåðöèè è âåäóùåãî êðèâîøèïà 2,

è âåäîìîãî êðèâîøèïà 4 îïðåäåëÿþòñÿ âûðàæå-
íèÿìè:

2
K 2 2
2 2

2 2

sin 2 sin1
1 ;

2 3
k a ap

I m
a a

È ˘Ê ˆ
= - +Í ˙Á ˜Ë ¯Í ˙Î ˚

      (23)

4

2
K 4 4

4
4 4

sin 2 sin1
1 .

2 3
k

S

a ap
I m

a a

È ˘Ê ˆ
= - +Í ˙Á ˜Ë ¯Í ˙Î ˚

      (24)

Öåíòðàëüíûé óãîë α  õàðàêòåðèçóåò äëèíó BS3:

3

3

sin cos cos cos
arctan ;

sin

a
PB

a

γ μ γÊ ˆ- +
= Á ˜Ë ¯      (25)

sin sin
arcsin  .

sin
PB

PC
γ

μ
Ê ˆ

= Á ˜Ë ¯              (26)

Óãîë ïåðåìåùåíèÿ øàòóíà BC îòíîñèòåëüíî
âåäîìîãî êðèâîøèïà CD â øàðíèðå C íàõîäèòñÿ
ïî ôîðìóëå:

( )
3 4

3 4

arccos(cos cos cos )
.

sin sin

l a a

a a
μ

-
=           (27)

Óãîë ïîâîðîòà øàòóíà BC îòíîñèòåëüíî îñè X:

3 3cos arccos cos cos sin sin cos .
2 2

a
PC PC

α
α μ

Ê ˆ
= -Á ˜Ë ¯

(28)

Óãîë ïîâîðîòà øàòóíà BC îòíîñèòåëüíî îñè Y:

1
2 2

3 3
3

cos arccos 1

cos cos sin sin cos cos .
2 2

a a
PC PC PS C

β

μ

Ê
= - -ÁË

ˆÊ ˆ
- - ˜Á ˜ ˜Ë ¯ ¯

(29)

Óãîë ïîâîðîòà øàòóíà BC îòíîñèòåëüíî îñè Z:

0

2
3 3

cos

1 cos cos sin sin cos .
2 2

a a
PC PC

γ

μ

=

Ê ˆ
= - - -Á ˜Ë ¯

  (30)

Óãîë ïîâîðîòà òî÷êè S3:

3

3
3

cos cos cos
2

cos .

sin sin
2

a
PC

PS C
a

α

α

Ê ˆ
-Á ˜Ë ¯

=        (31)

Îïðåäåëåíèå ìîìåíòà èíåðöèè âåäîìîãî øà-
òóíà 3, ñîâåðøàþùåãî ñëîæíîå äâèæåíèå, îïðå-
äåëÿåòñÿ îòíîñèòåëüíî ïî ôîðìóëå:

3

2
3 3

3

2sin
1

2P

m p a
I

a

Ê ˆ
= - ¥Á ˜Ë ¯

Ðèñ. 12. Ñõåìà ê îïðåäåëåíèþ ìîìåíòà èíåðöèè øàòóíà
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2
3 3 3

3

sin
cos cos sin sin cos 1

2 2

a a a
PC PC

a
μ

Ê ˆÊ ˆ
¥ - + + ¥Á ˜Á ˜Ë ¯ Ë ¯

22
3

3

3

cos 1
cos sin sin cos cos

2 2

sin
2

a
PC a PC PC

a

μ
Ê ˆ
Á ˜
Á ˜¥
Á ˜
Á ˜Ë ¯

- -
+

2
3 31 cos cos sin sin cos

2 2
,

a a
PC PC μ

Ê ˆ
+ - -Á ˜Ë ¯      (32)

ãäå (m3p2)/2 — çíà÷åíèå ìàññû è ðàäèóñà çâåíà,
êîòîðûå ìû ìîæåì çàäàòü, èñõîäÿ èç îïðåäåëåí-
íîé çàäà÷è ìåõàíèçìà.

Íà ðèñ. 13 ïðåäñòàâëåíû äâà ãðàôèêà ìîìåí-
òà èíåðöèè øàòóíà 3. Øòðèõïóíêòèðíîé ëèíèåé

ïîêàçàíà êðèâàÿ ìîìåíòà èíåðöèè øàòóíà 3, çà-
äàííàÿ ðàñ÷åòàìè â ïðîãðàììå Maple (àíàëèç
ôîðìóëû (32)). Ñïëîøíîé ëèíèåé èçîáðàæåí ìî-
ìåíò èíåðöèè øàòóíà 3 èëè êàïñóëû 3D-ìîäåëè
ñ çàäàííûìè ïàðàìåòðàìè ìåõàíèçìà â ïðîãðàì-
ìå SolidWorks ïðè óãëîâîé ñêîðîñòè âåäóùåãî
êðèâîøèïà 2.

Âûâîäû

Ðàññìîòðåí ñôåðè÷åñêèé ìåõàíèçì ñ îäíîé
ñòåïåíüþ ñâîáîäû. Ðàñïå÷àòàíà 3D-ìîäåëü ìåõà-
íèçìà ñ çàäàííûìè ïàðàìåòðàìè òðåíàæåðà, ïî
êîòîðîé áûë èçãîòîâëåí ëàáîðàòîðíûé ìàêåò
(ðèñ. 14).

Ðèñ. 13. Ìîìåíò èíåðöèè çâåíà 3

Ðèñ. 14. Ëàáîðàòîðíàÿ ìîäåëü ìåõàíèçìà

Âûïîëíåí ñðàâíèòåëüíûé àíàëèç ìàòåìàòè-
÷åñêîé ìîäåëè â ïðîãðàììàõ SolidWorks è Maple.
Ìåòîäû ïðèðàâíåíû ÷åðåç ïàðàìåòð óãëîâîé ñêî-
ðîñòè âåäóùåãî çâåíà 2. Ïðîâåäåí ðàñ÷åò êèíåìà-
òèêè ñôåðè÷åñêîãî ìåõàíèçìà, â ðåçóëüòàòå ïîëó-
÷åíû çíà÷åíèÿ óãëîâûõ ïåðåìåùåíèé, ñêîðîñòåé
è óñêîðåíèé îò âåäóùåãî êðèâîøèïà 2 ê øàòóíó
3 è âåäîìîìó êðèâîøèïó 4. Ïî ïîëó÷åííûì äàí-
íûì ïîñòðîåíû ãðàôèêè. Äëÿ ïîâûøåíèÿ òî÷íî-
ñòè ðåçóëüòàòîâ áûëè ïîäîáðàíû äâà îïòèìàëüíûõ
óãëà çâåíüåâ ìåõàíèçìà. Ïðè ïîñòðîåíèè ãðàôè-
êîâ ïðîñëåæèâàåòñÿ ñìåùåíèå äâèæåíèÿ çàäàííûõ
òî÷åê ñôåðè÷åñêîãî êðèâîøèïíî-êîðîìûñëîâîãî
ìåõàíèçìà. Ãðàôèêè ïîêàçûâàþò, ÷òî çà âðåìÿ
âðàùåíèÿ âåäóùåãî çâåíà âåäîìîå çâåíî ñîâåðøà-
åò ïîëîâèíó âðàùåíèÿ â ïðîñòðàíñòâå. Îáà ìåòîäà
àíàëèçà äåìîíñòðèðóþò îäèíàêîâûå ðåçóëüòàòû.
Îïðåäåëåíà êèíåìàòèêà õàðàêòåðíûõ òî÷åê ìåõà-
íèçìà, à èìåííî S3 è Ñ. Íà îñíîâå êèíåìàòè÷åñ-
êîãî àíàëèçà áûë íàéäåí ìîìåíò èíåðöèè øàòó-
íà 3, íà êîòîðîì ðàñïîëîæåíà êàïñóëà òðåíàæå-
ðà. Îáà ìåòîäà ïîêàçàëè ñõîæèå ðåçóëüòàòû: ïðè
ðàáîòå ìåõàíèçìà â çàäàííûé ïðîìåæóòîê âðåìå-
íè áóäóò îòìå÷àòüñÿ òðè ìàêñèìàëüíûå êðèòè÷åñ-
êèå òî÷êè íàãðóçêè.

Â ñòàòüå ïðåäñòàâëåíû íåêîòîðûå ðåçóëüòàòû
èññëåäîâàíèÿ, ïðîâîäèìîãî ïðè ôèíàíñèðîâàíèè

Ôîíäà ñîäåéñòâèÿì èííîâàöèÿì
íà îñíîâå ãðàíòà Ó.Ì.Í.È.Ê.
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Abstract

This work presents a spherical mechanism with
four links, interconnected by rotational kinematic
pairs. Based on the spherical mechanism by the type
of a crank-and-rocker mechanism, a simulator, shown
on the figures of the article, is being developed. While
the mechanism kinematics analysis we create the
structural scheme with notations of its sides and links.
For the convenience, and simplified and advantageous
computation it was determined that the opposite
situated links would have equal angles of crossing. Two
techniques are employed while spherical mechanism
computing. The first technique consists in developing
a mechanism mathematical model. Additional angles
and hinges points of a mechanism, which will be
employed in subsequent computations, are accounted
for while the mathematical model developing. Since
we use two techniques of comparison, we equate both
techniques through the same speed and rotation time.
Having performed kinematic computation, we specify
the complete revolution of rotation of the mechanism.
During equations analysis we make to the conclusion
that with complete revolution of the leading link the
driven links manage performing one-half revolution.
While graphs plotting of angular speeds and
accelerations maximum and minimum points can be
observed. Likewise, the angular acceleration increases
three-fold from the angular acceleration. For the
complete pattern of computations, we perform analysis
of moment of inertia of the mechanism connecting
rod, which will be the capsule of the simulator. The
centrifugal moment of inertia through the point,
located at the center of the connecting rod lengthwise
the direction cosines, was obtained for the
mathematical model. The moment of inertia of leading
and driven links is determined by the simpler
technique. For precise computations, the displacement
angle of the connecting rod relative to the driven crank
in hinges are obtained. The angle of rotation of both
connecting rod and its center point on each axis
separately is being determined. For convenience, the
values of mass and radius are set as constants. In the

COMPUTATIONS ANALYSIS OF A FOUR-LINK SPHERICAL MECHANISM
FOR A SPATIAL SIMULATOR
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future, we shall set these values from the definite task
of the mechanism. Having plotted the graph of the
connecting rod moment of inertia by the two
techniques, we obtain several maximum points of
loads.

Keywords: four-link spherical mechanism,
spherical crank-and-rocker mechanism, moment of
instant rotation, connecting rod moment of inertia.
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