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Ðàññìàòðèâàåòñÿ àíàëèòè÷åñêèé ïîäõîä ê ìîäåëèðîâàíèþ ïðîöåññîâ òðàíñôåðíîãî ôîðìîâàíèÿ ïðèìåíèòåëüíî
ê ïðîèçâîäñòâó èçäåëèé èç êîìïîçèòîâ íà îñíîâå ñîîòíîøåíèé Íàâüå—Ñòîêñà—Áðèíêìàíà. Äëÿ ðåøåíèÿ ñèñ-
òåìû óðàâíåíèé, îïèñûâàþùåé ïëîñêîå òå÷åíèå âÿçêîé íåñæèìàåìîé æèäêîñòè ñ ñîîòâåòñòâóþùèìè ãðàíè÷íûìè
óñëîâèÿìè, ïðåäëîæåí ÷èñëåííî-àíàëèòè÷åñêèé ìåòîä, îñíîâàííûé íà àïïðîêñèìàöèè èñêîìîãî ðåøåíèÿ äëÿ
êîìïîíåíò ñêîðîñòè ïîòîêà æèäêîñòè ëèíåéíîé êîìáèíàöèåé ïîëèíîìèàëüíûõ áàçèñíûõ ôóíêöèé. Íîâèçíà ìåòîäà
ñîñòîèò â âûáîðå îáîáùåííûõ íåçàâèñèìûõ ïåðåìåííûõ è íàõîæäåíèè áàçèñíûõ ôóíêöèé, óäîâëåòâîðÿþùèõ
òîæäåñòâåííî èñõîäíûì óðàâíåíèÿì è ÷àñòè ãðàíè÷íûõ óñëîâèé. Íàéäåíû ÷àñòíûå ðåøåíèÿ óðàâíåíèé Íàâüå—
Ñòîêñà áåç ó÷åòà èíåðöèîííûõ ñèë, êîòîðûå ìîãóò áûòü èñïîëüçîâàíû äëÿ îïèñàíèÿ ìåäëåííîãî òå÷åíèÿ âÿçêîé
æèäêîñòè ÷åðåç ïîðèñòóþ ñðåäó. Ïîëó÷åííûå ðåøåíèÿ îïðîáîâàíû íà ïðèìåðàõ ðåøåíèÿ äâóõ òåñòîâûõ çàäà÷:
çàäà÷è îáòåêàíèè ïëàñòèíêè è çàäà÷è Êóýòòà î äâèæåíèè æèäêîñòè, ðàñïîëîæåííîé ìåæäó äâóìÿ ïëîñêîñòÿìè,
ïîä äåéñòâèåì ïåðåïàäà äàâëåíèÿ. Ðåçóëüòàòû ðàñ÷åòîâ ïîêàçàëè ïðèåìëåìóþ òî÷íîñòü ïîëó÷åííûõ ðåøåíèé.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ Íàâüå—Ñòîêñà—Áðèíêìàíà, ïîðèñòàÿ ñðåäà, îáòåêàíèå ïëàñòèíêè, ïîëèíîìèàëüíûå
ôóíêöèè.

Ââåäåíèå

Ðåøåíèå çàäà÷ òå÷åíèÿ æèäêîñòè â ïîñëåäíåå
âðåìÿ ñòàëî âîñòðåáîâàííûì â ñâÿçè ñ èíòåíñèâ-
íûì ðàçâèòèåì ìåòîäîâ òðàíñôåðíîãî ôîðìîâà-
íèÿ â êîìïîçèòíûõ òåõíîëîãèÿõ [1—6]. Â ÷àñòíî-

ñòè, â àâèàñòðîåíèè ïðèìåíÿþòñÿ áåçàâòîêëàâíûå
òåõíîëîãèè èçãîòîâëåíèÿ äåòàëåé èç ïîëèìåðíûõ
êîìïîçèöèîííûõ ìàòåðèàëîâ: òåõíîëîãèÿ ïðîïèò-
êè ïîä äàâëåíèåì (RTM), èíôóçèîííàÿ ïðîïèò-
êà ïîä âàêóóìîì (VARTM), ïðîïèòêà ïëåíî÷íûì
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ñâÿçóþùèì (RFI). Îïðåäåëåíèå õàðàêòåðà òå÷åíèÿ
ñâÿçóþùåãî ÷åðåç ïðåôîðìó ÿâëÿåòñÿ îòâåòñòâåí-
íîé çàäà÷åé. Îò äîñòîâåðíîñòè åå ðåøåíèÿ çàâè-
ñèò êà÷åñòâî èçäåëèÿ è âåðîÿòíîñòü ïîëó÷åíèÿ
áðàêà â âèäå íåïðîïèòàííûõ çîí. Äëÿ ðàñ÷åòà
ïàðàìåòðîâ ïðîöåññà òðàíñôåðà ñåé÷àñ èñïîëüçó-
þò ñïåöèàëüíîå ïðîãðàììíîå îáåñïå÷åíèå (ÏÎ),
îñíîâàííîå íà ïðèìåíåíèè ìåòîäîâ êîíå÷íîãî
ýëåìåíòà. Íàèáîëåå ðàñïðîñòðàíåííûì ðàñ÷åòíûì
êîìïëåêñîì ÿâëÿåòñÿ ÏÎ PAM-RTM (ESI Group).
Â òî æå âðåìÿ, íåñìîòðÿ íà âûñîêèé òåõíè÷åñêèé
óðîâåíü äàííîãî ïðîãðàììíîãî îáåñïå÷åíèÿ, öå-
ëåñîîáðàçíî ïðîâåäåíèå ðàñ÷åòîâ äðóãèìè ìåòî-
äàìè. Ýòî ïîçâîëÿåò óäîñòîâåðèòüñÿ â ïðàâèëüíî-
ñòè îïðåäåëåíèÿ ïàðàìåòðîâ ïðîöåññà. Òàêèì
îáðàçîì, ðàçâèòèå àíàëèòè÷åñêèõ ìåòîäîâ îñòàåò-
ñÿ àêòóàëüíûì. Â ýòîì ñëó÷àå äëÿ îïèñàíèÿ òå÷å-
íèÿ âÿçêîé íåñæèìàåìîé æèäêîñòè ñêâîçü ïîðè-
ñòóþ ñðåäó ÷àñòî èñïîëüçóþò ñèñòåìó óðàâíåíèé
Íàâüå—Ñòîêñà [7—10], ìîäèôèöèðîâàííóþ Áðèí-
êìàíîì (ñèñòåìà óðàâíåíèé Íàâüå—Ñòîêñà—
Áðèíêìàíà) [11—14].

Îñíîâíàÿ ÷àñòü

Îáùåãî àíàëèòè÷åñêîãî ðåøåíèÿ óðàâíåíèé
Íàâüå—Ñòîêñà íå ïîëó÷åíî, è äëÿ èõ ðåøåíèÿ èñ-
ïîëüçóþòñÿ ñîîòâåòñòâóþùèå ÷èñëåííûå ìåòîäû
[7, 15—19 è äð.]. Íà ïðàêòèêå øèðîêîå ïðèìåíå-
íèå íàøëè ðàçëè÷íûå ïðèáëèæåíèÿ óðàâíåíèé
Íàâüå—Ñòîêñà (íàïðèìåð, óðàâíåíèÿ ïîãðàíè÷-
íîãî ñëîÿ), è áûëî ïîëó÷åíî îãðàíè÷åííîå ÷èñ-
ëî èõ òî÷íûõ ðåøåíèé [8, 20—24]. Îáçîð ðåøåíèé
óðàâíåíèé Íàâüå—Ñòîêñà ïðèâåäåí â ðÿäå ðàáîò
[7—10]. Ïîèñê íîâûõ àíàëèòè÷åñêèõ ðåøåíèé
óðàâíåíèé Íàâüå—Ñòîêñà, â òîì ÷èñëå è ëèíåà-
ðèçîâàííûõ óðàâíåíèé, ñïîñîáñòâóåò ëó÷øåìó ïî-
íèìàíèþ êà÷åñòâåííûõ îñîáåííîñòåé òå÷åíèÿ
âÿçêîé æèäêîñòè. Îíè ïîçâîëÿþò îöåíèòü îáëàñòü
ïðèìåíèìîñòè óïðîùåííûõ ãèäðîäèíàìè÷åñêèõ
ìîäåëåé è ïðèìåíÿþòñÿ äëÿ òåñòèðîâàíèÿ ñîîò-
âåòñòâóþùèõ ÷èñëåííûõ ìåòîäîâ. Äàííàÿ ðàáîòà
ïîñâÿùåíà ïîèñêó îïðåäåëåííîãî êëàññà àíàëè-
òè÷åñêèõ ðåøåíèé óðàâíåíèé Íàâüå—Ñòîêñà (Íà-
âüå—Ñòîêñà—Áðèíêìàíà).

Íåñòàöèîíàðíîå ïëîñêîå òå÷åíèå íåñæèìàå-
ìîé âÿçêîé æèäêîñòè ñ ïîñòîÿííûìè ñâîéñòâàìè
â îòñóòñòâèå ìàññîâûõ ñèë ñêâîçü ïîðèñòóþ ñðå-
äó â çàìêíóòîé îãðàíè÷åííîé îáëàñòè
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ðåøàåòñÿ âíåøíÿÿ çàäà÷à); p — äàâëåíèå; ν  — êè-

íåìàòè÷åñêèé êîýôôèöèåíò âÿçêîñòè; ρ  — ïëîò-

íîñòü ñðåäû; K — êîýôôèöèåíò ïðîíèöàåìîñòè.
Ìîäåëü ôèëüòðàöèè Áðèíêìàíà [11] ÿâëÿåòñÿ

îáîáùåíèåì ìîäåëè Äàðñè äëÿ ñëó÷àÿ óìåðåííûõ
è áîëüøèõ çíà÷åíèé êîýôôèöèåíòà ïðîíèöàåìî-
ñòè ïîðèñòîé ñðåäû. Ïðè ìàëûõ çíà÷åíèÿõ ýòîé
âåëè÷èíû îíà ïåðåõîäèò â ìîäåëü Äàðñè, à ïðè
áîëüøèõ (îòñóòñòâèå òâåðäîé ôàçû) — â óðàâíå-
íèÿ äâèæåíèÿ âÿçêîé íåñæèìàåìîé æèäêîñòè.
Èñïîëüçîâàíèå ìîäåëè Áðèíêìàíà ïîçâîëÿåò, â
ñëó÷àå íåîáõîäèìîñòè, òàê æå òî÷íî çàïèñàòü ãðà-
íè÷íûå óñëîâèÿ íà ìåæôàçíîé ïîâåðõíîñòè «ïî-
ðèñòûé ñëîé – ñâîáîäíàÿ âÿçêàÿ æèäêîñòü», à åñëè
ïîðèñòàÿ ñðåäà îãðàíè÷åíà òâåðäîé íåïðîíèöàå-
ìîé ñòåíêîé, òî è óñëîâèÿ ïðèëèïàíèÿ [12, 14, 17,
18, 25].

Â ïðàêòè÷åñêèõ çàäà÷àõ ðåøåíèå ñèñòåìû
óðàâíåíèé (1), (2) äîëæíî óäîâëåòâîðÿòü ñîîòâåò-
ñòâóþùèì íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì
[7, 8, 15, 20]. Íàïðèìåð, â âÿçêîé æèäêîñòè â êà-
÷åñòâå ãðàíè÷íûõ óñëîâèé íà íåïîäâèæíîé íåïðî-
íèöàåìîé ãðàíèöå Ã ïðèíèìàåòñÿ òðåáîâàíèå
îáðàùåíèÿ â íóëü âåêòîðà ñêîðîñòè (óñëîâèå ïðè-

ëèïàíèÿ): Ã Ã| 0, | 0.u v= =

Äëÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé (1), (2) äëÿ
ïëîñêèõ ñòàöèîíàðíûõ è íåñòàöèîíàðíûõ òå÷åíèé
â ïîðèñòîé ñðåäå â îãðàíè÷åííîé îáëàñòè ñ ñîîò-
âåòñòâóþùèìè íà÷àëüíûìè è ãðàíè÷íûìè óñëî-
âèÿìè âîñïîëüçóåìñÿ ÷èñëåííî àíàëèòè÷åñêèì
ìåòîäîì ðåøåíèÿ, îñíîâàííûì íà àïïðîêñèìàöèè
èñêîìîãî ðåøåíèÿ äëÿ ïðîäîëüíîé è ïîïåðå÷íîé
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êîìïîíåíòû ñêîðîñòè â âèäå ëèíåéíîé êîìáèíà-
öèè áàçèñíûõ ôóíêöèé.

Â íåñòàöèîíàðíîì ñëó÷àå, äèôôåðåíöèðóÿ

ïåðâîå óðàâíåíèå ñèñòåìû (1) ïî ξ  è η , âòîðîå

óðàâíåíèå äâàæäû ïî ξ  è âû÷èòàÿ âòîðîå óðàâ-

íåíèå èç ïåðâîãî, ñ ó÷åòîì óðàâíåíèÿ (2) ïîëó÷èì
ïîñëå èñêëþ÷åíèÿ äàâëåíèÿ ïðåîáðàçîâàííóþ
ñèñòåìó óðàâíåíèé:
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ðå÷íîé êîìïîíåíòû ñêîðîñòè ïîòîêà æèäêîñòè
ïðè íåñòàöèîíàðíîì òå÷åíèè, òîæäåñòâåííî óäîâ-
ëåòâîðÿþùèå ñèñòåìå óðàâíåíèé (3), â âèäå ëè-
íåéíîé êîìáèíàöèè ïîëèíîìèàëüíûõ áàçèñíûõ
ôóíêöèé [25].
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Çäåñü ( , )iQβ ξ η  — ïîëèíîìû; Aβ  — ïðîèçâîëüíûå

êîýôôèöèåíòû, ïîäëåæàùèå îïðåäåëåíèþ.
Â ðàáîòàõ [25, 26] ïðèâåäåíû äðóãèå áàçèñíûå

ôóíêöèè, êîòîðûå ìîãóò áûòü èñïîëüçîâàíû äëÿ
ðåøåíèÿ ñèñòåìû (1), (2).

Ìåõàíè÷åñêîå ñîñòîÿíèå ñèñòåìû ïîëíîñòüþ
îïðåäåëÿåòñÿ çàäàíèåì êîîðäèíàò è ñêîðîñòåé. Ñ
ìàòåìàòè÷åñêîé òî÷êè çðåíèÿ ýòî çíà÷èò, ÷òî çà-
äàíèå âñåõ êîîðäèíàò è ñêîðîñòåé â íåêîòîðûé
ìîìåíò âðåìåíè îäíîçíà÷íî îïðåäåëÿåò òàêæå è
çíà÷åíèÿ óñêîðåíèé ýòèõ òî÷åê â ýòîò ìîìåíò
âðåìåíè, ò.å. ïðåäñêàçûâàåò äàëüíåéøåå äâèæå-
íèå. Ïîäñòàâèâ âûðàæåíèÿ (5) è (6) â ïåðâûå äâà
óðàâíåíèÿ ñèñòåìû (1), íàéäåì  ðàñïðåäåëåíèå
äàâëåíèÿ:

1 2
1 2( , ); ( , ).

p p
F Fξ η ξ η

ξ η
∂ ∂

- = - =
∂ ∂         (7)

Ïðîèíòåãðèðîâàâ âûðàæåíèÿ (7), ïîëó÷èì

1 1 1

2 2 2

( , , ) ( , , ) ( , ) ( ) ;

( , , ) ( , , ) ( , ) ( ) ,

p F d f C

p F d f C

ξ η τ ξ η τ ξ η τ ϕ τ

ξ η τ ξ η τ η ξ τ ϕ τ

- = + + +

- = + + +

Ú
Ú

  (8)

ãäå 1 2( , ), ( , ), ( )f fη τ ξ τ ϕ τ  — ôóíêöèè èíòåãðèðîâà-

íèÿ; C — êîíñòàíòà èíòåãðèðîâàíèÿ.
Çà ñ÷åò ñîîòâåòñòâóþùåãî âûáîðà ôóíêöèé

1( , )f η τ  è 2( , )f ξ τ  ïîñëå öåëîãî ðÿäà ïðåîáðàçîâà-

íèé íàéäåì îäíîçíà÷íîå âûðàæåíèå äëÿ äàâëåíèÿ:

( ) ( ) ( )2 21
1 2( , , ) , , , ,

2

A
p p pξ η τ ξ η τ ξ η τ η ξ- = - ∫ - = - +

( )
23

2 2 2 21
2 0 12 ( )

3 2

A
A A A

ηξ η τ η ξ τ ξ η τ
Ê ˆ

+ - + - + + -Á ˜Ë ¯

( ) ( )2 3 3 2 2 2
1 2 0 2 2A A A Aξ η η τ ξ ξη η τ- + + + - +

( ) ( )2 22
2 2 2 42

0 1( )
2 2

A
A A

η ξ τ
ξ η τ α ξ η

È -
Í+ + + + + + +
Í
Î



3 4 4
2 2 2 2 33

2 3 2 6 6

A
A

η ξ η
ξ η τ ξ η τ

˘Ê ˆ Ê ˆ
+ - + - - + + +˙Á ˜ Á ˜Ë ¯ Ë ¯ ˙̊

 

( ) .Сϕ τ+ +                        (9)

Ïðàâèëüíîñòü ðåøåíèé (5), (6) è (9) ìîæíî
ïðîâåðèòü èõ ïîäñòàíîâêîé â ñèñòåìó óðàâíåíèé
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(1), (2). Îòìåòèì, ÷òî äëÿ íåñòàöèîíàðíîãî ñëó-
÷àÿ ðåøåíèå ìîæíî ïðåäñòàâèòü òàêæå â âèäå

( )

( ) ( )

3 23
0 1 2

3 3
4 1

( ) 2 3
3

4 , ;N
N

A
u A A A

A A Q

ϕ τ ξ ξη ξ η ξ

ξ η η ξ ξ η

È
= - + - - +Í

Î

˘+ - + + ˚ (10)

( )
3

2 2 2
0 1 2 3( )

3
v A A A A

η
ϕ τ η ξ η ξ η

È Ê ˆ
= + + - + - +Í Á ˜Ë ¯ÍÎ

( ) ( )4 2 2 4
4 26 , ,N

NA A Qξ η ξ η ξ η ˘+ - + + + ˚      (11)

ãäå ( )ϕ τ  — ïðîèçâîëüíàÿ ôóíêöèÿ, íàïðèìåð

( )( ) 1 .ak e τϕ τ -= -

Äëÿ äàííîãî ñëó÷àÿ èìååì ñëåäóþùåå âûðàæå-
íèå äëÿ îïðåäåëåíèÿ äàâëåíèÿ:

( )2 21
0( ) ( ) ( )

2

A
p A ξ η ϕ τ η ξ ϕ τ- = + + - +¢ ¢

( )
23

2 2 2 21
2 0 1( ) ( ) ( )

3 2

A
A A A

η
ξ η ϕ τ ϕ τ η ξ ξ η

ÈÊ ˆ
+ - + - + + -¢ ÍÁ ˜Ë ¯ ÍÎ

( ) ( )2 3 2 2
1 2 0 2 2A A A Aξ η η ξ ξη η- + + + - +

( ) ( )2 22
22 22

0 1( ) ( )
2 2

A
A A

η ξ
ξ η ϕ τ α ξ η

È -˘
Í+ + + + + + +˙
Í˙̊ Î



3 4 4
2 2 23

2 3 2 6 6

A
A

η ξ η
ξ η ξ η

˘Ê ˆ Ê ˆ
+ - + - - + + +˙Á ˜ Á ˜Ë ¯ Ë ¯ ˙̊



( ) .Сϕ τ+ +                           (12)

Çäåñü ( )ϕ τ¢  — ïðîèçâîäíàÿ ïî âðåìåíè τ .

Áåç ó÷åòà èíåðöèîííûõ ÷ëåíîâ âìåñòî âûðà-
æåíèÿ (9) ïîëó÷èì

( )
3

2 2 21
22

2 3

A
p A

η
η ξ ξ η τ

Ê ˆ
- = - + - +Á ˜Ë ¯

4 4
2 2 23

0

3
( )

2 6 6

A
A

ξ η
ξ η τ α ξ η

Ê ˆ
È+ - - + + + +Á ˜ ÎË ¯



( )2 2 3
2 2

1 22 3
A A

η ξ τ η
ξ η τ

- Ê ˆ
+ + - +Á ˜Ë ¯

4 4
2 2 33 ( ) .

2 6 6

A
С

ξ η
ξ η τ ϕ τ

˘Ê ˆ
+ - - + + + +˙Á ˜Ë ¯ ˙̊

    (13)

Äëÿ ñòàöèîíàðíîãî ñëó÷àÿ ðåøåíèå ñèñòåìû
óðàâíåíèé (4) èìååò âèä

( ) ( )
0 1 2

3 2 3 33
4

2

3 4
3

u A A A

A
A

ξ ξη

ξ η ξ ξ η η ξ

= - + -

- - + - -

( ) ( )5 3 2 45
110 5 , ;

5
N

N

A
A Qξ ξ η η ξ ξ η- - + + +   (14)

( )

( )

2 2
0 1 2

3
2 4 2 2 4

3 4 6
3

v A A A

A A

η ξ η

ηξ η ξ η ξ η

= + + - +

Ê ˆ
+ - + - + +Á ˜Ë ¯

( )
5

4 2 3
5 22 , ;

5
N

NA A Q
ηξ η ξ η ξ η

Ê ˆ
+ - + + +Á ˜Ë ¯

   (15)

( ) ( )
2

2 2 2 31
0 1 1 2( )

2

A
p A A A Aη ξ ξ η ξ η η- = - + + - + +

( ) ( ) ( )
2

22 2 2 2 4 42 1 3
0 2 2

2 3

A A A
A A ξ ξη η ξ η ξ η+ + - + + + - +

3 3
2 2

0 3 3 3
A A

ξ η
ξ η ξ η
Ê ˆ

+ + - - +Á ˜Ë ¯

2 6 6
4 2 2 43

6 3 3

A η ξξ η ξ η
Ê ˆ

+ + + + +Á ˜Ë ¯

( )2 3 4 52 3 2
3

A A
ξ η ξ η η+ + + + +

( )2 2 3
2

0 1 2( )
2 3

A A A
η ξ ηα ξ η ξ η

È - Ê ˆÍ+ + + + - +Á ˜Í Ë ¯Î

4 4
2 23 .

2 6 6

A
С

ξ η
ξ η

˘Ê ˆ
+ - - + +˙Á ˜Ë ¯ ˙̊

          (16)

Äëÿ ñòàöèîíàðíîãî ñëó÷àÿ áåç ó÷åòà èíåðöè-
îííûõ ñèë âìåñòî âûðàæåíèÿ (16) èìååì

( )2 2 3
2

0 1 2

4 4
2 23

( )
2 3

.
2 6 6

p A A A

A
С

η ξ ηα ξ η ξ η

ξ ηξ η

È - Ê ˆÍ- = + + + - +Á ˜Í Ë ¯Î

˘Ê ˆ
+ - - + +˙Á ˜Ë ¯ ˙̊


 
(17)

Åñëè â âûðàæåíèÿõ (9), (12)—(16) ïîëîæèòü

0,α =  ïîëó÷èì ðåøåíèÿ óðàâíåíèé Íàâüå—Ñòî-
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êñà äëÿ ðàññìàòðèâàåìûõ ñëó÷àåâ. Âõîäÿùèå â
ðåøåíèÿ (5), (6), (9)—(17) íåèçâåñòíûå êîýôôè-

öèåíòû Aβ  îïðåäåëÿþòñÿ èç ñîîòâåòñòâóþùèõ íà-

÷àëüíûõ è ãðàíè÷íûõ óñëîâèé ìåòîäîì êîëëîêà-
öèè èëè ìåòîäîì âçâåøåííûõ íåâÿçîê. Êîëè÷å-

ñòâî êîýôôèöèåíòîâ Aβ  çàâèñèò îò âûáîðà ìåòîäà

ðåøåíèÿ ãðàíè÷íîé çàäà÷è è îöåíêè òî÷íîñòè

ïðèáëèæåííîãî ðåøåíèÿ. Ôóíêöèÿ ( )ϕ τ  è êîí-

ñòàíòà C îïðåäåëÿþòñÿ èç ðåøåíèÿ êîíêðåòíîé
ïðèêëàäíîé çàäà÷è.

Ïðèáëèæåííîå ðåøåíèå ñèñòåìû óðàâíåíèé
(1), (2) ìîæíî çàïèñàòü â âèäå

( ) ( )
0 1

1 11 0 1 0 1 2

N Nc c
u A B

c c d c c dβ β
β ββ βξ η ξ η= =

È ˘
Í ˙= - - ¥Í ˙+ + + +Í ˙Î ˚

Â Â

( ) ( ),ϕ τ ψ τ¥ +                      (18)

( ) ( )
1 0

1 11 0 1 0 1 2

N Nc c
v A B

c c d c c dβ β
β ββ βξ η ξ η= =

È ˘
Í ˙= + ¥Í ˙+ + + +Í ˙Î ˚
Â Â

( ) ( ).ϕ τ λ τ¥ +                    (19)

Çäåñü ( ), ( ), ( )ϕ τ ψ τ λ τ  — ïðîèçâîëüíûå ôóíêöèè;

β  — öåëûå ÷èñëà; A, B — âíåøíèå ïàðàìåòðû;

0 1 1 2, , ,c c d dβ β  —âíóòðåííèå ïàðàìåòðû.

Ïðè óñëîâèè β >0 âûðàæåíèÿ (18), (19) ìîãóò

áûòü èñïîëüçîâàíû äëÿ ðåøåíèÿ âíåøíèõ çàäà÷,
êîãäà íåîáõîäèìî óäîâëåòâîðèòü ãðàíè÷íûì óñ-

ëîâèÿì íà áåñêîíå÷íîñòè, à ïðè óñëîâèè β < 0 äëÿ

ðåøåíèÿ âíóòðåííèõ çàäà÷, êîãäà èìååòñÿ çàìê-
íóòàÿ îáëàñòü, íàïðèìåð äëÿ ìîäåëèðîâàíèÿ ïëîñ-
êîé çàäà÷è ôèëüòðàöèè íåñæèìàåìîé æèäêîñòè
ñêâîçü ïîðèñòóþ ñðåäó. Íåòðóäíî ïðîâåðèòü, ÷òî
ðåøåíèå (18), (19) òîæäåñòâåííî óäîâëåòâîðÿåò
óðàâíåíèþ íåðàçðûâíîñòè (2). Âíåøíèå ïàðàìåò-
ðû A è B îïðåäåëÿþòñÿ èç ãðàíè÷íûõ óñëîâèé,

âíóòðåííèå ïàðàìåòðû 0 1 1 2, , ,c c d dβ β  âûáèðàþòñÿ

èç ìàòåìàòè÷åñêèõ, ôèçè÷åñêèõ ñîîáðàæåíèé, à
òàêæå èç ñðàâíåíèÿ òåîðèè ñ ýêñïåðèìåíòàëüíû-
ìè äàííûìè èëè äðóãèìè òî÷íûìè ðåøåíèÿìè.

Ïîêàæåì, ÷òî åñëè ðåøåíèå ñèñòåìû óðàâíå-
íèé (1) ïðåäñòàâèòü â âèäå (18), (19) óäîâëåòâîðÿ-
þùåå òîæäåñòâåííî óðàâíåíèþ íåðàçðûâíîñòè (2)
è ñîîòâåòñòâóþùèì ãðàíè÷íûì óñëîâèÿì, òî äàâ-
ëåíèå ìîæíî íàéòè èç óðàâíåíèé (1) ïóòåì èíòåã-
ðèðîâàíèÿ óæå ëèíåéíûõ óðàâíåíèé. Ðàññìîòðèì
ñòàöèîíàðíîå ðåøåíèå ( ) 1, ( ) 1, ( ) 0,ϕ τ ψ τ λ τ= = =

êîòîðîå â ñëó÷àå îáòåêàíèÿ ïðîèçâîëüíûõ ïëîñ-
êèõ òåë äîëæíî óäîâëåòâîðÿòü ñëåäóþùèì ãðàíè÷-
íûì óñëîâèÿì:

Ã Ã| 0, | 0, | 1, | 0.u v u vη ηÆ• Æ•= = = =     (20)

Íàéäåì ïàðàìåòðû A è B ïðè çíà÷åíèè β = 1

íà ãðàíèöå Ã. Èñïîëüçóåì ïåðâûå äâà óñëîâèÿ (20).
Äëÿ íàõîæäåíèÿ A óìíîæèì ïåðâîå óðàâíåíèå íà c0,
âòîðîå — íà c1 è ñëîæèì. Äëÿ íàõîæäåíèÿ B óì-
íîæèì ïåðâîå óðàâíåíèå íà c1, âòîðîå — íà c0 è
ñëîæèì. Â ðåçóëüòàòå íà ãðàíèöå Ã èìååì

( )

( )

0 1 Ã 0 Ã 1
2 2
0 1

1 0 Ã 1 Ã 1
2 2
1 0

;

.

c c c d
A

c c

c c c d
B

c c

ξ η

ξ η

+ +
= -

- +

+ +
= -

- +

              (21)

Ïîäñòàâèì âûðàæåíèÿ (21) â ñòàöèîíàðíîå
ðåøåíèå (18), (19). Î÷åâèäíî, ÷òî íà ãðàíèöå Ã
óñëîâèÿ ïðèëèïàíèÿ (ïåðâûå äâà óñëîâèÿ (20))
óäîâëåòâîðÿþòñÿ òîæäåñòâåííî. Òàêæå íåòðóäíî
âèäåòü, ÷òî è íà áåñêîíå÷íîñòè (ïîñëåäíèå äâà
óñëîâèÿ (20)) ãðàíè÷íûå óñëîâèÿ âûïîëíÿþòñÿ.

Ïðèìåð 1. Çàïèøåì êâàçèñòàöèîíàðíîå ðåøå-

íèå (18), (19) ïðè β = 1 äëÿ çàäà÷è îá îáòåêàíèè

ïëàñòèíêè äëèíû L è åäèíè÷íîé øèðèíû (òàêàÿ
ïîäñòàíîâêà äàíà â ðàáîòå [20]) â ñëåäóþùåì âèäå

( )0, 0 :Lη ξ ξ> £ £

( )
( )( )

( )
( )( )

2
0 1 Ã 0 Ã 1

2 2
1 0 1 0 1

2
1 0 Ã 1 Ã 2

2 2
0 1 2 1 0

1;

c c c d
u

c c d ñ ñ

c c c d

c c d ñ ñ

ξ η

ξ η

ξ η

ξ η

+ +
= +

+ + - +

+ +
+ +

+ + - +

               
(22)

( )
( )( )

( )
( )( )

0 1 1 Ã 0 Ã 1
2 2

1 0 1 0 1

0 1 0 Ã 1 Ã 2
2 2

0 1 2 1 0

,

c ñ c c d
v

c c d ñ ñ

c ñ c c d

c c d ñ ñ

ξ η

ξ η

ξ η

ξ η

+ +
= - -

+ + - +

+ +
-

+ + - +

              
(23)

ãäå

Ã Ã

*
Ã Ã 0 10 , 0, , | | 0, .L L

Lu
u v ñ ñξ ξ η η ξ

ν
£ £ = = = = = π

Áëàçèóñîì áûëà ïðåäëîæåíà ïðèáëèæåííàÿ
ïîñòàíîâêà çàäà÷è îá îáòåêàíèè ïëàñòèíêè âÿç-
êèì ïîòîêîì íåñæèìàåìîé æèäêîñòè, äîïóñêàþ-
ùàÿ óäîâëåòâîðèòåëüíîå ðåøåíèå âñþäó, êðîìå
îáëàñòåé âáëèçè ïåðåäíåé è çàäíåé êðîìîê ïëà-
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ñòèíêè, è ïîçâîëÿþùàÿ ñ äîñòàòî÷íîé òî÷íîñòüþ
íàéòè ñîïðîòèâëåíèå ïëàñòèíêè [8, 20]. Íàéäåì
ðåøåíèå ýòîé çàäà÷è, èñïîëüçóÿ âûðàæåíèÿ
(22), (23). Çàìåòèâ, ÷òî íàïðÿæåíèÿ òðåíèÿ íà ïëà-

ñòèíêå îïðåäåëÿþòñÿ ïî ôîðìóëå Ã
0y

u
y

τ μ
=

Ê ˆ∂
= Á ˜Ë ¯∂

( μ — êîýôôèöèåíò äèíàìè÷åñêîé âÿçêîñòè), ïî-

ëó÷èì

( )( )

( )( )
Ã

2 3
* 0

Ã 2 2
0 1 1 Ã 1

3
1

2 2
0 1 0 Ã 2 0

.

u c

c c c d

c

c c c d
η

τ μ
ν ξ

ξ
=

È
Í= - +
Í - + +Î

˘
˙+
˙- + + ˚

          
(24)

Ïîëîæèâ â ðåøåíèè (24) 3 3
1 0 2 1,d c d c= = , ïîëó-

÷èì, ÷òî â òî÷êå Ã 0ξ η= =  òðåíèå Ã 0.τ =  Â ðåøå-

íèè Áëàçèóñà â ýòîé òî÷êå òðåíèå ñòðåìèòñÿ ê áåñ-

êîíå÷íîñòè. Ïðè Ãξ Æ•  òðåíèå ñòðåìèòñÿ ê

íóëþ. Íàéäåì ìåñòíûé êîýôôèöèåíò òðåíèÿ

( 0) :η =

( )( )

( )( )

3
Ã 0

2 2 2 3
* 0 1 1 Ã 0

3
1

2 2 3
0 1 0 Ã 1

2
( / 2)

.

f

c
c

u c c c c

c

c c c c

τ

ρ ξ

ξ

È
Í= = - +
Í - + +Î

˘
˙+
˙- + + ˚

   
 (25)

Ïîëíîå ñîïðîòèâëåíèå òðåíèÿ ïëàñòèíêè äëè-
íû L, ñìî÷åííîé ñ äâóõ ñòîðîí:

( )

( )

3 3
0 1 0

Ã * 32 2
0 00 1 1

3 3
1 0 1

32 2
10 1 0

Re
2 2 ln

Re
ln ,

L

f

c c c
W dx u

cc c c

c c c

cc c c

τ μ
È +Í= = -
Í -Î

˘+ ˙-
˙- ˚

Ú

 
(26)

ãäå Re Lξ=  — ìåñòíîå ÷èñëî Ðåéíîëüäñà.

Êîýôôèöèåíò ïîëíîãî ñîïðîòèâëåíèÿ òðåíèÿ
çàïèøåòñÿ òàê:

( ) ( )
3
0

Ã2 2 2
0* 0 1 1

2
2

Re/ 2

L
f

f

W c
С dx

u S c c c
τ

ρ

È
Í= = = ¥
Í -Î

Ú

( )
3 3 3

1 0 1 0 1
3 32 2
0 10 1 0

Re Re
ln ln ,

c c c c c

c cc c c

È ˘+ +Í ˙¥ -
Í ˙-Î ˚

    (27)

ãäå 2 1S L= ◊  — ñìî÷åííàÿ ïîâåðõíîñòü [20].

Äëÿ óìåíüøåíèÿ êîëè÷åñòâà ïàðàìåòðîâ è óñ-

òðàíåíèÿ îñîáåííîñòåé, ïîëîæèì â (27) 1 02c c= .

Òîãäà èìååì

2 2
0 0

2
Re

1 2 Re Re
ln 1 2 2 ln 1 .

2 2 2

fС

c c

Ê ˆ= ¥Á ˜Ë ¯

È ˘Ê ˆÍ ˙¥ - + + +Á ˜Ë ¯Í ˙Î ˚

   
(28)

Óòî÷íèì ïîëó÷åííîå ðåøåíèå äëÿ ïëàñòèíêè,
âîñïîëüçîâàâøèñü ñëåäóþùåé ôîðìóëîé:

Ã

Ã
0

2
* 0 1

1 Ã 1 0 Ã 2 0

.

y

u v
y x

u c c

c d c d
η

τ μ

μ
ν ξ ξ

=

=

Ê ˆ∂ ∂= + =Á ˜Ë ¯∂ ∂

Ê ˆ
= +Á ˜+ +Ë ¯

          
(29)

Ïîëîæèâ â ðåøåíèè (29) 1 0 2 1,d c d c= = - , ïî-

ëó÷èì, ÷òî â òî÷êå Ã 0ξ η= =  òðåíèå Ã 0.τ =  Ïîë-
íîå ñîïðîòèâëåíèå òðåíèÿ ïëàñòèíêè âû÷èñëÿåòñÿ
ïî ôîðìóëå

0 1 1 0
*

1 0 0 1

2 ln Re 1 ln 1 Re .f

ñ c ñ c
W u

ñ c ñ c
μ

Ê ˆ
= + + -Á ˜

Ë ¯
  (30)

Äëÿ óìåíüøåíèÿ êîëè÷åñòâà ïàðàìåòðîâ, ïî-

ëîæèì 1 0c mc= . Òîãäà êîýôôèöèåíò ïîëíîãî ñî-

ïðîòèâëåíèÿ òðåíèÿ äëÿ ïëàñòèíêè çàïèøåòñÿ â
âèäå

2 1 1
ln | Re 1 | ln 1 Re .

RefC m m
m m

Ê ˆ
= + + -Á ˜Ë ¯     (31)

Ïðîâåäåì àíàëèç ïîëó÷åííûõ ôîðìóë. Â ðàáî-
òàõ [8, 20] ïðèâåäåíà ôîðìóëà Áëàçèóñà ïî ðàñ÷åòó
êîýôôèöèåíòà ïîëíîãî ñîïðîòèâëåíèÿ òðåíèÿ äëÿ

ïëàñòèíêè 
1,328

RefС = . Áîëåå òî÷íîé ôîðìóëîé,

êîòîðàÿ ëó÷øå ñîãëàñóåòñÿ c îïûòíûìè äàííûìè
ïðè ÷èñëàõ Re > 10, ÿâëÿåòñÿ ôîðìóëà, âûâåäåí-

íàÿ Ãî-Þí-õóàåì [20]: 
1,328 4,18

.
ReRefС = +  Ñðàâíèì

åå ñ ôîðìóëàìè (28) è (31). Âíóòðåííèå ïàðàìåò-
ðû c0 è m, âõîäÿùèå â ýòè ôîðìóëû, íàéäåì èç ðà-
âåíñòâà çíà÷åíèé ôîðìóë ïðè ÷èñëå Re = 4. Â ðå-
çóëüòàòå èìååì c0 = 0,451 è m = 0,2245. Íà ðèñ. 1
ïðèâåäåíû çàâèñèìîñòè Cf (Re), âû÷èñëåííûå ïî
ðàçëè÷íûì ôîðìóëàì. ×èñëåííûé àíàëèç ïîêàçû-
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âàåò, ÷òî ðàçíèöà â çíà÷åíèÿõ êîýôôèöèåíòà Cf ,
ðàññ÷èòàííûõ ïî ðàçëè÷íûì ôîðìóëàì, óæå ïðè
÷èñëàõ Re > 2 ñîñòàâëÿåò ìåíåå 1 %. Ôîðìóëà (31)
èìååò îñîáåííîñòü ïðè î÷åíü ìàëûõ ÷èñëàõ Re, è
ïàðàìåòð m, âõîäÿùèé â íåå, íóæíî âûáèðàòü ïðè
ðàâåíñòâå çíà÷åíèé ôîðìóë ïðè ÷èñëàõ Re > 3,5.
Ôîðìóëà (28) íå èìååò íèêàêèõ îñîáåííîñòåé, ïî
ñðàâíåíèþ ñ äðóãèìè ôîðìóëàìè âî âñåì äèàïà-
çîíå, íî ïàðàìåòð c0 æåëàòåëüíî âûáèðàòü èç ðà-
âåíñòâà çíà÷åíèé ôîðìóë ïðè ìàëûõ ÷èñëàõ Re.

Íà ðèñ. 2 ïîêàçàíî ðàñïðåäåëåíèå áåçðàçìåð-
íîãî òðåíèÿ ïî ïëàñòèíêå, âû÷èñëåííîãî ïî ôîð-
ìóëå (24). Äàííàÿ çàâèñèìîñòü íå èìååò íèêàêèõ
îñîáåííîñòåé, â îòëè÷èå îò ðåøåíèÿ Áëàçèóñà è
îò ðåøåíèÿ (29) (îñîáåííîñòü ïðîÿâëÿåòñÿ â òî÷êå

ξ = m).

Îòìåòèì, ÷òî äîïóùåíèÿ, ïîëîæåííûå â îñíî-
âó âûâîäà óðàâíåíèé Íàâüå—Ñòîêñà, ÿâëÿþòñÿ
ýìïèðè÷åñêèìè, ïîýòîìó ïîëó÷àåìûå àíàëèòè÷åñ-
êèå ðåøåíèÿ íóæäàþòñÿ â ïðîâåðêå, êîòîðàÿ ìî-
æåò áûòü òîëüêî ýêñïåðèìåíòàëüíîé. Íåòðóäíî
ïîêàçàòü, ÷òî ïðè èñïîëüçîâàíèè ðåøåíèÿ (18),
(19) âèõðåâàÿ íàïðÿæåííîñòü

1
0.

2
u v
y x

ω
Ê ˆ∂ ∂= - πÁ ˜Ë ¯∂ ∂

Íàéäåì ðåøåíèå ëèíåàðèçîâàííûõ óðàâíåíèé
Íàâüå—Ñòîêñà â áåçðàçìåðíîì âèäå:

2 2

2 2
;

p u u∂ ∂ ∂
∂ξ ∂ξ ∂η

= +

2 2

2 2
;

p v v∂ ∂ ∂
∂η ∂ξ ∂η

= +                 (32)

0.
u v∂ ∂

∂ξ ∂η
+ =

Åñëè ïðèíÿòü ôóíêöèþ òå÷åíèÿ ( , )ψ ξ η  â ôîð-

ìå ; ,u v
ψ ψ
η ξ
∂ ∂

= = -
∂ ∂

 òî óðàâíåíèå íåðàçðûâíîñ-

òè âûïîëíÿåòñÿ òîæäåñòâåííî. Äèôôåðåíöèðóÿ
ïåðâîå óðàâíåíèå ñèñòåìû (32) ïî η , âòîðîå óðàâ-

íåíèå ïî ξ  è âû÷èòàÿ âòîðîå óðàâíåíèå èç ïåð-

âîãî, ïîëó÷èì â îáëàñòè

{ }1 2 1 2, : ;G ξ η ξ ξ ξ η η η= £ £ £ £

ïîñëå èñêëþ÷åíèÿ äàâëåíèÿ óðàâíåíèå

4 4 4

4 2 2 4
2 0.

ψ ψ ψ
ξ ξ η η

∂ ∂ ∂
+ + =

∂ ∂ ∂ ∂

Âûïèøåì ïîëèíîìèàëüíîå ðåøåíèå äàííîãî
óðàâíåíèÿ [25]:

( ) ( )2 2
0 1 01 11 2 02 12( , ) A A c c A c cψ ξ η ξ η ξ η ξηÈ ˘= + + + + + +Î ˚

( )3 2 2 3
3 03 13 23 33A c c c cξ ξ η ξη η+ + + + +

( )
4

4 4 3 2 2 3
4 04 14 24 343

A c c c c
η

ξ η ξ η ξ η ξη
È ˘Ê ˆ

+ - + + - + +Í ˙Á ˜Ë ¯Í ˙Î ˚

( )0 1 2 3, , , , , .N N N N N NA c c c cψ ξ η+ +        (33)

Ðèñ. 1. Çàâèñèìîñòü êîýôôèöèåíòà ïîëíîãî ñîïðîòèâ-
ëåíèÿ òðåíèÿ îò ÷èñëà Re, ðàññ÷èòàííûå ïî ðàçíûì
ôîðìóëàì: 1 — ïî ôîðìóëå Áëàçèóñà; 2 — ïî ôîðìóëå
Ãî-Þí-õóàÿ; 3 — ïî ôîðìóëå (28); 4 — ïî ôîðìóëå (31)

Ðèñ. 2. Ðàñïðåäåëåíèå áåçðàçìåðíîãî òðåíèÿ ïî ïëàñ-
òèíêå
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Çäåñü Ai — ïðîèçâîëüíûå êîýôôèöèåíòû, ïîäëå-

æàùèå îïðåäåëåíèþ; 0 1 2 3, , ,N N N Nc c c c  — ïðîèç-

âîëüíûå âíóòðåííèå ïàðàìåòðû.
Âûðàæåíèÿ äëÿ ïðîäîëüíîé è ïîïåðå÷íîé

êîìïîíåíòû ñêîðîñòè èìåþò âèä:

( )1 11 2 02 12( , ) 2u A c A c cξ η η ξ= + + +

( )2 2
3 13 23 332 3A c c cξ ξη η+ + + +

3
3 3 2 2

4 04 14 24 34

2
4 2 3

3
A c c c c

η
η ξ ξ η ξη

È ˘Ê ˆ
+ - + + - + +Í ˙Á ˜Ë ¯Í ˙Î ˚

( )0 1 2 3, , , , , ;N N N N N NA u c c c c ξ η+ +         (34)

( )1 01 2 02 12( , ) 2v A c A c cξ η ξ η= - - + -

( )2 2
3 03 13 233 2A c c cξ ξη η- + + -

3 2 2 3
4 04 14 24 344 3 2A c c c cξ ξ η ξη ηÈ ˘- + + + -Î ˚

( )0 1 2 3, , , , , .N N N N N NA v c c c c ξ η- -          (35)

Äëÿ îïðåäåëåíèÿ ðàñïðåäåëåíèÿ äàâëåíèÿ âîñ-
ïîëüçóåìñÿ ïðèâåäåííûì âûøå àëãîðèòìîì. Â
ðåçóëüòàòå ïîëó÷èì îäíîçíà÷íîå âûðàæåíèå äëÿ
äàâëåíèÿ:

( ) ( )3 13 33 03 23( , ) 2 3 3p A c c c cξ η ξ ηÈ ˘= + - + +Î ˚

( ) ( )( )2 2
4 04 24 14 344 6 3A c c c cξη ξ ηÈ ˘+ - + + + - +Î ˚

( )0 1 2 3, , , , , .N N N N N NA p c c c c Cξ η+ + +     (36)

Âõîäÿùèå â ðåøåíèå (34)—(36) íåèçâåñòíûå
êîýôôèöèåíòû Ai è êîíñòàíòà C îïðåäåëÿþòñÿ èç
ñîîòâåòñòâóþùèõ ãðàíè÷íûõ óñëîâèé. Âíóòðåííèå

ïàðàìåòðû 0 1 2 3, , ,i i i ic c c c  ðàñøèðÿþò êëàññ ðåøå-

íèé âíóòðè îáëàñòè G. Íàïðèìåð, ïðè âûïîëíå-
íèè óñëîâèé

13
33 23 03 24 04 34 14, 3 , 6 ,

3

ñ
c c c c ñ c c= - = - = - = -

è ò.ä. ðåøåíèå (34)—(36) îïèñûâàåò ïîòåíöèàëü-

íîå òå÷åíèå ( 0, 0,u vΔ Δ= =  ãäå Δ  — äâóìåðíûé

îïåðàòîð Ëàïëàñà). Äàííîå ðåøåíèå òàêæå ìîæåò
áûòü èñïîëüçîâàíî äëÿ îïèñàíèÿ òå÷åíèÿ âÿçêîé
æèäêîñòè ÷åðåç ïîðèñòóþ ñðåäó áåç ó÷åòà èíåðöè-
îííûõ ñèë.

Ïðèìåð 2. Ðàññìîòðèì òå÷åíèå íåñæèìàåìîé
âÿçêîé æèäêîñòè ïîä äåéñòâèåì ïîñòîÿííîãî ïðî-

äîëüíîãî ïåðåïàäà äàâëåíèÿ ìåæäó äâóìÿ ïàðàë-
ëåëüíûìè ñòåíêàìè, îäíà èç êîòîðûõ (íèæíÿÿ)
ïîêîèòñÿ, à äðóãàÿ (âåðõíÿÿ) äâèæåòñÿ ñ ïîñòîÿí-
íîé ñêîðîñòüþ â ñâîåé ïëîñêîñòè (òå÷åíèå Êóýòòà)
[8]. Âîñïîëüçóåìñÿ ðåøåíèåì (34), (35) ïðè ñëå-
äóþùèõ çíà÷åíèÿõ:

1 5 6 7 0;A A A A= = = = =

01 11 02 12 03 13
3

1
0; 0; 1; ; ;

3 2
p

c c c c c c
À

δ
= = = = - = - = -

23 33 04 14 24 34

1 1
1; 0; 0; ; 0; .

3 3
c c c c c c= = = = - = =

Çäåñü pδ  — áåçðàçìåðíûé ïåðåïàä äàâëåíèÿ,

/ .p p xδ = ∂ ∂  Ïðè äàííûõ óñëîâèÿõ ïîïåðå÷íûé

ïåðåïàä äàâëåíèÿ îòñóòñòâóåò: / 0.p y∂ ∂ =

Ðåøåíèå ðàññìàòðèâàåì â ïðîèçâîëüíîì ñå÷å-

íèè, íàïðèìåð 1 4.ξ =  Íåèçâåñòíûå êîýôôèöèåí-

òû 2 3 4, ,A A A  îïðåäåëÿåì ìåòîäîì êîëëîêàöèè èç

ãðàíè÷íûõ óñëîâèé:

1 1 21 1 1( , ) | 0, ( , ) | 0, ( , ) | 1,u v uη η η η η ηξ η ξ η ξ η= = == = =

ãäå 1 22, 4η η= =  — êîîðäèíàòû íèæíåé è âåðõ-

íåé ñòåíîê.
Ðåçóëüòàòû ñðàâíåíèÿ ðåøåíèÿ (34), (35) ñ

êëàññè÷åñêèì ðåøåíèåì Êóýòòà

( ) 1
1 2 1 2

2 1

( ) (
2
p

u
η ηδ

η η η η η η η
η η

-È ˘= - + + +Î ˚ -

ïðèâåäåíû äëÿ 
2 3 410,55; 1,03; 0,323A A A= = = -   íà

ðèñ. 3 è äëÿ 
2 3 411,05; 1,13; 0,398A A A= - = - =  íà

Ðèñ. 3. Òèïîâîé ïðîôèëü ïðîäîëüíîé êîìïîíåíòû ñêî-
ðîñòè ïðè ïàäåíèè äàâëåíèÿ â íàïðàâëåíèè äâèæåíèÿ
âåðõíåé ñòåíêè: 1 — ðåøåíèå (34), (35); 2 — êëàññè÷åñ-
êîå ðåøåíèå Êóýòòà
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ðèñ. 4. Åñëè âûáðàòü äðóãîå ñå÷åíèå, òî, ðåøàÿ òó
æå êðàåâóþ çàäà÷ó, íàéäåì äðóãèå çíà÷åíèÿ èñêî-

ìûõ êîýôôèöèåíòîâ 2 3 4, ,A A A . Êàê ïîêàçûâàþò

ðàñ÷åòû, íàéäåííîå íîâîå ðåøåíèå ìàëî îòëè-
÷àåòñÿ îò êëàññè÷åñêîãî ðåøåíèÿ â ðàçíûõ ñå-
÷åíèÿõ.

Îãðàíè÷åíèå ðåøåíèÿ: ïðèåìëåìàÿ òî÷íîñòü

îáåñïå÷èâàåòñÿ òîëüêî ïðè óñëîâèè ξ > 0. Íåêî-

òîðîå ðàçëè÷èå ðåçóëüòàòîâ âû÷èñëåíèé îáúÿñíÿ-
åòñÿ òåì, ÷òî ðåøåíèå (34), (35) ïîëó÷åíî äëÿ
ïëîñêîïàðàëëåëüíîãî òå÷åíèÿ. Îíî òîæäåñòâåííî
óäîâëåòâîðÿåò óðàâíåíèþ íåðàçðûâíîñòè. Êëàñ-
ñè÷åñêîå ðåøåíèå Êóýòòà îïèñûâàåò îäíîìåðíîå
òå÷åíèå âÿçêîé æèäêîñòè.

Îòìåòèì, ÷òî çàäà÷à ìîæåò áûòü ðåøåíà ñ
ó÷åòîì èíåðöèîííûõ ÷ëåíîâ (ò.å. ïðè âûñîêèõ
÷èñëàõ Ðåéíîëüäñà), åñëè èñïîëüçîâàòü ìåòîäèêó
ðàñ÷åòà, ïðèâåäåííóþ âûøå. Â ýòîì ñëó÷àå èñêî-
ìûå ïàðàìåòðû îïðåäåëÿþòñÿ èç ðåøåíèÿ ñèñòå-
ìû íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé.

Ïðèâåäåì íåñêîëüêî âèäîèçìåíåííûé ïîäõîä
ê íàõîæäåíèþ ðåøåíèé ñèñòåìû óðàâíåíèé (32).

Äèôôåðåíöèðóÿ ïåðâîå èç íèõ ïî ξ , âòîðîå ïî η

è âû÷èòàÿ âòîðîå óðàâíåíèå èç ïåðâîãî, ïîëó÷èì

2 2 2 2

2 2 2 2
.

u v u v p p
ξ η ξ ηξ η ξ η

Ê ˆ Ê ˆ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
- + - = -Á ˜ Á ˜Ë ¯ Ë ¯∂ ∂ ∂ ∂∂ ∂ ∂ ∂  (37)

Ââåäåì ôóíêöèþ ( , )
u v

ψ ξ η
ξ η

∂ ∂
= -
∂ ∂

. Òîãäà óðàâ-

íåíèå (37) ïðèìåò âèä

( , ),FΔψ ξ η=                    (38)

ãäå 
2 2

2 2
( , ) .

p p
F ξ η

ξ η
∂ ∂

= -
∂ ∂

Ðåøåíèå óðàâíåíèÿ (38) ïðåäñòàâëÿåòñÿ ñóì-
ìîé îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ
(óðàâíåíèÿ Ëàïëàñà [25, 26]) è ÷àñòíîãî ðåøåíèÿ

íåîäíîðîäíîãî óðàâíåíèÿ ( , ) :Φ ξ η

( ) ( )2 2
0 1 01 11 2 02 12( , ) A A c c A c cψ ξ η ξ η ξ η ξηÈ ˘= + + + - + +Î ˚

( )
3

3 2 2
3 03 133 ( , ).

3
A c c

η
ξ ξη ξ η Φ ξ η

È ˘Ê ˆ
+ - + - + +Í ˙Á ˜Ë ¯Í ˙Î ˚

 (39)

Êîíêðåòíûé âèä ôóíêöèè ( , )Φ ξ η  çàâèñèò îò

òîãî, êàêîé ôóíêöèåé àïïðîêñèìèðóåòñÿ äàâëå-
íèå. Èç ñîâìåñòíîãî ðåøåíèÿ óðàâíåíèÿ íåðàç-
ðûâíîñòè è óðàâíåíèÿ (37) è ñîîòâåòñòâóþùåãî
èíòåãðèðîâàíèÿ, ïîëó÷èì

2

0 1 01 11

1
( , )

2 2
u A A c c

ξ
ξ η ξ ξη

Ï Ê ˆÔ= + + +Ì Á ˜Ë ¯ÔÓ

3 2
2

2 02 123 2
A c c

ξ ξ η
ξη

È ˘Ê ˆ
+ - + +Í ˙Á ˜Ë ¯Í ˙Î ˚

4 2 2 3 3

3 03 13
3

4 2 3 3
A c c

ξ ξ η ξ η ξη ¸È ˘Ê ˆ Ê ˆ Ô+ - + - + +Í ˙ ˝Á ˜ Á ˜Ë ¯ Ë ¯Í ˙ ÔÎ ˚ ˛


1 1

1
( , ) ( ) ;

2
d CΦ ξ η ξ ϕ η+ + +Ú              (40)

2

0 1 01 11

1
( , )

2 2
v A A c c

η
ξ η η ξη

Ï Ê ˆÔ= - + + +Ì Á ˜Ë ¯ÔÓ

3 2
2

2 02 123 2
A c c

η ξη
ξ η

È ˘Ê ˆ
+ - + +Í ˙Á ˜Ë ¯Í ˙Î ˚

( )
2 2 4

3 3
3 03 13 2 12

A c c
ξ η η

ξ η ξη
¸È ˘Ê ˆ Ô+ - + - + -Í ˙ ˝Á ˜Ë ¯Í ˙ ÔÎ ˚ ˛



2 2

1
( , ) ( ) ,

2
d CΦ ξ η η ϕ ξ- + +Ú            (41)

ãäå 1 2( ), ( )ϕ η ϕ ξ   — ôóíêöèè èíòåãðèðîâàíèÿ;

1 2,C C  — êîíñòàíòû èíòåãðèðîâàíèÿ.

Íåòðóäíî óáåäèòüñÿ, ÷òî âûðàæåíèÿ (40), (41)
òîæäåñòâåííî óäîâëåòâîðÿþò óðàâíåíèþ íåðàç-
ðûâíîñòè. Ïîäñòàíîâêà ýòèõ âûðàæåíèé â ïåðâûå
äâà óðàâíåíèÿ ñèñòåìû (32) ïîçâîëÿåò íàéòè êîí-
êðåòíûå âûðàæåíèÿ äëÿ ôóíêöèé èíòåãðèðîâàíèÿ:

Ðèñ. 4. Òèïîâîé ïðîôèëü ïðîäîëüíîé êîìïîíåíòû ñêî-
ðîñòè ïðè ïîâûøåíèè äàâëåíèÿ â íàïðàâëåíèè äâèæå-
íèÿ âåðõíåé ñòåíêè: 1 — ðåøåíèå (34), (35); 2 — êëàñ-
ñè÷åñêîå ðåøåíèå Êóýòòà
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2 3 4

1 1 01 2 12 3 03 3

2 3 4

2 1 11 2 12 3 13 4

( ) ;
4 12 8

( ) ,
4 12 24

A c A c A c C

A c A c A c C

η η η
ϕ η η

ξ ξ ξϕ ξ ξ

= - - + + +

= + + + +




(42)

ãäå 3 4,C C  — êîíñòàíòû èíòåãðèðîâàíèÿ.

Ïðè ýòîì ôóíêöèÿ ( , )Φ ξ η  äîëæíà óäîâëåòâî-

ðÿòü ñëåäóþùèì óðàâíåíèÿì:

3 3

2 2

1 1
; .

2 2
p pΦ Φ
ξ ηξ η ξ η

∂ ∂ ∂ ∂
= - =
∂ ∂∂ ∂ ∂ ∂          (43)

Â ðÿäå ñëó÷àåâ, çàäàâàÿ çàêîí ðàñïðåäåëåíèÿ
äàâëåíèÿ (íàïðèìåð, ãðàäèåíò äàâëåíèÿ, ïîä äåé-
ñòâèåì êîòîðîãî ïðîèñõîäèò äâèæåíèå æèäêîñòè
â ïëîñêîì êàíàëå), ïîëó÷èì êîíå÷íûå ôîðìóëû
äëÿ âûðàæåíèé (40), (41) ñ ó÷åòîì (42) è (43).

Àëãîðèòì ðåøåíèÿ çàäà÷è ñëåäóþùèé. Îòûñ-

êèâàåì ðåøåíèå ( , )Φ ξ η  â ôîðìå ïîëèíîìîâ

i j
kB ξ η  ñ íåèçâåñòíûìè êîýôôèöèåíòàìè Bk. Âû-

áèðàÿ ïîëèíîìû ðàçëè÷íûõ ñòåïåíåé è ïîäáèðàÿ
äëÿ íèõ ñîîòâåòñòâóþùèå êîýôôèöèåíòû, ïîëó-
÷èì öåëûé ðÿä àíàëèòè÷åñêèõ ðåøåíèé óðàâíåíèé
Ñòîêñà. Ïðè èçâåñòíîì âûðàæåíèè äëÿ äàâëåíèÿ

( , )p ξ η  â ôîðìå ïîëèíîìîâ íàäî ïîäñòàâèòü ôóí-

êöèþ ( , )Φ ξ η  â ñèñòåìó óðàâíåíèé (43) è ïðèðàâ-

íÿòü êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ

.i jξ η  Â êà÷åñòâå ïðèìåðà ðàññìîòðèì íåñêîëüêî

ñëó÷àåâ.

Ñëó÷àé 1. ( , ) .p a b cξ η ξ η= + + Çäåñü a, b, c — êî-

ýôôèöèåíòû, êîòîðûå ìîãóò áûòü êàê çàäàííûìè,
òàê è íåèçâåñòíûìè. Â ýòîì ñëó÷àå îíè îïðåäå-
ëÿþòñÿ èç ãðàíè÷íûõ óñëîâèé äëÿ äàâëåíèÿ. Ïî-

ëó÷èì ( , ) 2( ).a bΦ ξ η ξ η= -

Ñëó÷àé 2. Äëÿ äàâëåíèÿ

2 2
1 2 1 2( , )p a à b b d cξ η ξ ξ η η ξη= + + + + +

ïîëó÷èì âûðàæåíèå

( )( )2 2
1 1

2 2( , ) 2( ).
2

a b
a b

ξ η
Φ ξ η ξ η

- +
= + -

Ïðè ýòîì âîçíèêàþò îãðàíè÷åíèÿ: 1 1, 0.b a d= - =

Ñëó÷àé 3. Ïóñòü

3 2 3 2
1 2 3 1 2 3( , ) .p a a à b b b d cξ η ξ ξ ξ η η η ξη= + + + + + + +

Ïîëó÷èì

( )( ) ( )
( )

2 2
2 2 3 3

1 1

2 2
3 3 1 1

( , ) 2
2

2( ) 6 .

a b
a b

a b b a

ξ η
Φ ξ ι ξ η

ξ η ξ η ξη

- +
= + - +

+ - + -

Îãðàíè÷åíèÿ: 2 2, 0.b a d= - =

Ïðàâèëüíîñòü íàéäåííûõ ðåøåíèé ëåãêî ïðî-
âåðèòü ïîäñòàíîâêîé èõ â èñõîäíûå óðàâíåíèÿ
(32).

Âûâîäû

Â çàêëþ÷åíèå îòìåòèì, ÷òî ïîëó÷åíû íîâûå
àíàëèòè÷åñêèå ðåøåíèÿ óðàâíåíèé Íàâüå—Ñòî-
êñà (Íàâüå—Ñòîêñà—Áðèíêìàíà). Îíè ìîãóò áûòü
èñïîëüçîâàíû â ïðàêòè÷åñêèõ çàäà÷àõ àýðîãèäðî-
äèíàìèêè, è â òîì ÷èñëå â çàäà÷àõ ôèëüòðàöèè
æèäêîñòè â ïîðèñòûõ ñðåäàõ äëÿ ñîçäàíèÿ êîìïî-
çèöèîííûõ ìàòåðèàëîâ è ðàçëè÷íûõ ôèëüòðóþùèõ
óñòðîéñòâ. Ïðè ýòîì â ðÿäå ñëó÷àåâ (ðåøåíèÿ (5),
(6), (9)—(17), (34)—(36)) ñóùåñòâåííî ñîêðàùàåòñÿ
ðàçìåðíîñòü àëãåáðàè÷åñêîé ñèñòåìû óðàâíåíèé
îòíîñèòåëüíî íåèçâåñòíûõ êîýôôèöèåíòîâ, òàê
êàê ñòðîèòñÿ àïïðîêñèìàöèÿ ðåøåíèÿ òîëüêî íà
ãðàíèöå. Èìåÿ àíàëèòè÷åñêîå ðåøåíèå (íàïðèìåð,
(22), (23), (40), (41)) è ãðàíè÷íûå óñëîâèÿ, çà ñ÷åò
âíóòðåííèõ ïàðàìåòðîâ ìîæíî èñêëþ÷èòü îñîáåí-
íîñòè, ñâÿçàííûå ñ ðåøåíèåì ñèñòåìû àëãåáðàè-
÷åñêèõ óðàâíåíèé. Ðåøåíèÿ ïðåäñòàâëÿþòñÿ â àíà-
ëèòè÷åñêîì âèäå, ïîýòîìó óïðîùàþòñÿ ïîñòàíîâ-
êà è ðåøåíèå çàäà÷ ïàðàìåòðè÷åñêîé èäåíòèôè-
êàöèè è îáðàòíûõ çàäà÷.
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Abstract

This article envisages an analytical approach to
transfer molding simulation as applied to production
of articles from composite materials. Navier-Stokes
equations, modified by Brinkman, with corresponding
initial and boundary conditions are used to describe
the flow of incompressible liquid through porous
media for two-dimensional unsteady and steady flows.
The authors suggest a numerical-analytical method
based on the sought solution approximation by linear
combination of polynomial basic functions for the flow
velocity components. This method novelty consists in
selection of generalized variables and finding concrete
basic functions, which in some cases allow obtaining
analytical solutions, identically satisfying the initial
equations, and reducing non-linear boundary problems
in other cases. The unknown coefficients contained
in the found solutions are determined from the
corresponding initial and boundary conditions by the
collocation method, or weighted residuals method
while solving concrete applied problem.

Partial analytical solutions of Navier–Stokes
equations, describing a slow flat flow of a viscous
liquid, which basis is formed by the polynomial
solution of the linear bi-harmonic equation, were
found without accounting for the inertial forces. The
external parameters included into solutions are being
determined from boundary conditions by the
collocation method, or weighted residuals method,
while internal parameters, expanding the class of
solutions, are selected from mathematical and physical
reasons, as well as comparing theory with experimental
data and other exact solutions. These solutions can be
employed for describing slow flow of a viscous liquid
through the porous medium. Approbation of the
obtained partial analytical solutions was performed on
the examples of solving two test problems, i.e. the
problem of a plate flow-around, and Couette problem
on liquid flow movement located between two planes
under the impact of the pressure difference, whereas

ON PREFORM IMPREGNATION PROCESS SIMULATION WHILE TRANSFER
MOLDING OF COMPOSITE PRODUCTS

Bodunov N.M.*, Khaliulin V.I.**, Sidorov I.N.***, Kostin V.A.****
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one plane is immovable, and the other moves at
constant speed. Computational results demonstrated
acceptable accuracy of the obtained solutions.

Keywords: Navier-Stokes-Brinkman equations,
porous medium, plate flow-around, polynomial basis
functions.
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